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Chapter 1

Rings, Ideals, and Maps

1 Notation and Examples

Throughout these notes, a ring R is considered a commutative unitary ring.
That is, a triple (R, +, -) consisting of a set with two operations such that (R, +)
is an abelian group with additive identity 0, and multiplication is associative
with identity 1, distributive: a(b+¢) = a-b+ a - ¢ for all a,b,¢c € R, and
commutative: ab = ba.

Further, make note that there is no differentiation between the symbols C
and C. The symbol C will be used to represent a proper subset.

A ring is a field if for all non-zero elements r € R, there exits ' € R (denoted
r~1) such that rr’ = 1.

Example 1. The integers, Z, and the fields Q, R, and C are rings.

Example 2. Let M, (k) denote the n x n matrices over a field k. Choose any
set of commuting matrices Ay,..., A, € M,(k). Let R be the k-subalgebra
generated by Aj,..., A, in M, (k). Le. all sums and products of them. Note
that dimy M, (k) = n?. How big can dimj R be?

Examples of building new rings from old ones

Example 3. Let R be a ring. Then R[x], the polynomial ring over R, is
{ro+rz+---+r,a"r; € R, n > 0} with the usual addition and multiplication
of polynomials. Note that

ro+rix+--+rpt =sg+ 812+ + s <= n=mandr; =s; Vi.
Inductively, we define R[x1,...,2,] to be R[z1,...,Tn_1][Tn]-

Example 4 (Direct product). Let I be an index set and R; be rings for i € I.
Then the direct product is given by

11 R = {(ri)ictlri € R}

icl
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with component-wise operations.

Example 5. The integers with modulo n arithmetic; Z/nZ or Z,.

2 Homomorphisms and Isomorphisms

Let R,S be rings. A homomorphism f : R — S is a function from R to S
preserving the operations, i.e, for all 7,7’ in R we have

for+r") = fr)+f0)
ferr') = flr)f@")
f(lr) = 1g

Note that f(0) = 0 is forced.

An isomorphism is an homomorphism f which is injective and surjective.
If there exists an isomorphism between R and S we say that R and S are
isomorphic and write R ~ S. Note that if f : R — S is an isomorphism, its set
theoretic inverse f~! is a homomorphism.

Definition. If f: R — S is a homomorphism (or “map”) then the kernel of f
is defined as ker f = {r € R|f(r) = 0}.
Examples of kernels and homomorphisms

Example 6. Let R be a ring. Then there exists a unique homomorphism f
from Z to R given as follows: If n > 0 then

n times
—
) = A
= F) 4+ £)
= lp+-+1g
= mn- 1R
Similarly, if n < 0,
|n| times
f(n) = f(=1r) +---+ f(—1r) = In| - (—1g).
Example 7. Let R be a ring and choose n elements ry,...,7r, € R. Then there
exists a unique homomorphism f : Z[z1,...,2,] — R such that f(x;) =r;. For

a polunomial

v v
p(x1,...,x,) = E Myt - T
’UiZO

where v = (v1,...,v,) € Z" and m, € Z, the homomorphism f is given by

fp(21, ... an)) = Z myryt T

UrL'}O
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3 Ideals and Quotient Rings

A subset I C R is said to be an ideal if I is a subgroup under addition and for
allr € R, i € I, we have ri € I.

Example 8. If f: R — S is a homomorphism, then the kernel of f is an ideal
of R.

Example 9. Suppose {rx}rea € R. Then the ideal generated by this set,
denoted (7)), or (ry)R, is the set of elements of the form

E SATA

AEN

where A’ C A, |A’| < 00, and sy € R. This is the smallest ideal containing all of
{rr}ren. We say that I is finitely generated if I = (r1,...,ry) for some r; € R,
and principal if I = (r) for some r € R.

Example 10 (Direct Sum). The direct sum is an ideal of the direct product (not
necessarily a subring because it might not contain the multiplicative identity)
and is defined as @ R; = {(r;) € [[ Ri|r: # O for finitely many ¢ € I} (see
Example 4).

Example 11. An arbitrary intersection of ideals is again an ideal. Note that
the union of ideals is not necessarily an ideal, as it is not even an abelian group,
in general. For example consider 2Z and 3Z in Z.

Example 12. Given two ideals I, J the product is an ideal and IJ = (ij) where
it €I and j € J. Note that in general IJ # {ij | i € I,j € J}; however this is
true if one of the two ideals is principal.

Example 13. The sum of two ideals I, J is an ideal and is given by I + J =
{i+jliel,jeJ}

Example 14. Given two ideals I, J the colon is theideal I : J={r € R|rJ C
I}.

Example 15. If R = Z then every ideal is principal of the form (n) for some
n > 0.

Proof. Let I C Z be an ideal, I # (0). Note that n € I if and only if —n € I.
So without loosing generality, choose n € I least such that n > 0. To show that
I = (n), consider m € I. Then m = gn + r for 0 < r < n. But this shows that
r =m — gn which is an element of I. Thus r =0 and I = (n). O

Example 16. Let k be a field, R = k[z]. Then every ideal of R is principal.

Example 17. Let k be a field, R = k[z,y]. If I = (z,y), that is the set of all
f € R such that f(0,0) = 0, then I is not principal. In fact (z,y)™ requires
n + 1 generators.
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Let I be an ideal in a ring R. Then the quotient ring, denoted R/I, is the
set {r + I|r € R} of additive cosets of I. We make this into a ring by

(r+D+(s+I) = (r+s)+1
(r+1)-(s+1) = rs+1

We need to show that the product is well defined. First recall that r + 1 =
{r+ili € I} and we have r + I = s+ I if and only if there exists 7,7’ € I such
that 7 +¢ = s +¢'. This is equivalent to r — s € I.

Now suppose r+I = r'+1I and s+I = s'+1. We want to show rs+1 = r's'+1,
ie. rs —1r's’ € I. So notice,

rs—r's=(r—r)s—r'(s—s)el.

The zero element in R/I is 04+ 1 = I. The multiplicative identity is 1+ 1. In
general we will write 7 = r+1I. There is a surjective homomorphism 7 : R — R/I
defined by m(r) =7 with ker(w) = I.

Example 18. Let R = Z. Then by example 15 we know that every ideal I is
principal, say I = (n). Then the map Z — Z/I is just Z — Z/(n) such that
m — m for m € Z.

Example 19. Let I = (22 + 1) be an ideal in the polynomial ring R[x] for R
the real numbers. Then R[z] maps onto C via

R[z] — R[z]/(z* + 1) ~ C

Proposition 1 (Isomorphism Theorem). Let f : R — S be a ring homomor-
phism and set I = ker f. Then [ factors as a surjection followed by an injection
as in the following commutative diagram:

f

R——S§

| A

R/I
In particular, if f is onto, then g is an isomorphism.

Proof. Note if r € R, then we must have (¢(F) =) g(n(r)) = f(r) giving the
definition of g. To show g is well defined, suppose ¥ = r’. This implies that
r—r’ € I. Hence f(r —r') = 0 which gives f(r) = f(r'). So we have that
g(F) = g(r"). The fact that g is a homomorphism is clear. We need to show g is
injective. Suppose that g(7) = g(¢). Then f(r) = f(¢) which gives f(r —¢) = 0.
Thusr —t €l and 7 = ¢. O

Example 20. Let R be a ring and I an ideal of R. Let IR[x] denote the ideal
in R[z] generated by {i | i € I'}. Then
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Proof. Apply proposition 1 with R := R[x] and S := (R/I)[z]. Define f : R — S
by f(ro+mrmz+ -+ r,a™) =T+ 71z + - -+ Tpa™. This is onto and hence by
the proposition we have established the isomorphism. O]

Theorem 2. Let I C R be an ideal.

(1) Every ideal J in R := R/I is of the form J/I where J is an ideal in R
containing I and J/I = {j | j € J}. Moreover, if J is an ideal in R
containing I, then J/I is an ideal in R/I.

(2) If Ji, Jo are ideals in R containing I, then J, = Jo if and only if J; = Jo.
Hence this correspondence is a one-to-one inclusion preserving correspon-
dence between ideals of R/I and ideals in R containing I.

(3) If J 2 I are ideals then R/J ~ R/J

Proof. Let J C R be an ideal and define J = 7~1(.J) under the projection map
7: R — R/I. Since 0 € J, we must have I C J. It is easy to see that J is an
ideal and J/I = J by definition. Conversely, given an ideal J of R containing
I, it is also easy to see that J/I is an ideal.

To show the second statement, note that if J; = Jy then we have J; = Js.
Conversely, suppose J; = Jo and let j; € Ji. Then there exists j» € Jo such
that j; = j». This implies that j; — jo € I. But I C J, thus we have j; =
(j1 — j2) + j2 € Jo. Hence J; C J. a similar argument shows that Jo C J.

For the third statement, use proposition 1 with S = R/J and the composi-
tion f of the surjections

Note that the ker(f) = J. O

Remark. Suppose I = (f) is a principal ideal in R and § € R = R/I. Suppose
we want to understand what R/(g) looks like. Set J := (g) C R and let J be
as in the theorem. What is J7

By definition, J = 771((g)) where 7 : R — R/(f). To understand the
structure of J, consider an element j € J, i.e. j € (g). Equivalently j has the
property that there exists an 7 € R such that j = 7 - g. But this is the same as
saying j — rg € (f), that is for some s € R, j —rg = sf. Thus j = rg + sf.
This forces J = (f,g). Therefore by the third part of theorem 2 we have that
R/(g) ~ R/(f,g). By the same token, R/(f,g) ~ R/(f) where R = R/(g).

Example 21. Let i € C, i> = —1, and Z[i] = {a + bi | a,b € Z}. This ring
is called the Gaussian integers. In order to analyze the quotient ring Z[z]/(5)
consider the unique homomorphism f : Z[z] — Z[i] defined by evaluating at ¢
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(see example 7). From proposition 1 we have that Z[i] ~ Z[z]/(z* + 1). So by
the above remark we have that

z[i Zlx]
(5) — (z2+1,5)
Z|x]/5Z|x]
(z2+1)
(Z/5Z)]x]
(2 +1)
Zs|z]
(z—2)(z —3)

1

4 Prime Ideals

Given a ring R, an ideal I is maximal if there does not exist a proper ideal J
such that I C J. This is equivalent to R/I being a field. A proper ideal T is
prime if whenever ab € I then a € I or b € I. A ring is called a domain if for
any elements a, b in the ring such that ab = 0 then a = 0 or b = 0. An ideal [ in
a ring R is prime if and only if R/I is a domain. Hence we have that maximal
ideals are prime as fields are domains. On the other hand, the converse is not
true, consider the ring Z with ideal (0).

Topology on Spec(R) The set of prime ideals in a ring R is denoted Spec(R).
For an example consider the ring Z. Then Spec(Z) is all the ideals generated
by a prime element and the zero ideal. Another example is k[z], a polynomial
ring over a field. This is a PID so Spec(k[z]) is the set of ideals generated by
an irreducible element and the zero ideal.

In general, if f : R — S is an homomorphism and @ € Spec(S) then we have
that f~1(Q) is in Spec(R). So we get an induced map f* : Spec(S) — Spec(R).
A special case of this is if I is an ideal in a ring R and 7 : R — R/I is
the projection map. If 7* : Spec(R/I) — Spec(R) is the induced map where
Spec(R/I) is the set of ideals in the form P/I, with P a prime ideal in R such
that P D I, then n*(P/I) = P.

A topology on Spec(R) can be given by saying a set V' C Spec(R) is closed
if and only if there exists and ideal I in R such that V = {p | p D I} (denoted
V(I)). Open sets are given by X —V(I) = U where X = Spec(R). This topology
on Spec(R) is called the Zariski topology. Note that under this topology the
induced map f* is continuous. A basis of the open sets is {D(r)},cr where
D(r) = {p € Spec(R) | r ¢ p}. To see this notice that D(r) = X — V(r) and if
U=X—-V(I) then U = U,¢;D(r).

For an example, consider the ring Z. Notice that (0) € Spec(Z) but is not
closed. For if {(0)} = V(I) for some ideal I then I = (0) and thus V(I) =
Spec(Z), a contradiction. In fact, the closed points are maximal ideals.

Remark. Suppose that R is a domain. Then the intersection of any two nonempty
open sets is non-empty, i.e. Spec(R) is irreducible.
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Proof. Let Uy, Us be non-empty open sets, U; = X — V(I;), i« = 1,2. Notice
that U; = 0 if and only if I; = (0). This is true since (0) € Spec(R). So
I; # (0) iff (0) 2 I; iff (0) € X — V(I;). Conversely, if p € U; then p 2 I; and
therefore (0) 2 I;. This implies that I; # 0. Therefore I; # (0),I> # (0), and
(O)EUlﬁUQ#Q. O

Nilradical and Jacobson Radical For r € R a ring, we say r is a unit
if there exists an s € R such that rs = 1. Equivalently, (r) = R. Given an
ideal I in a ring R, the nilradical of I (denoted v/T) is defined as the set of all
elements of the ring R whose powers are in I. An element r of the ring R is
called nilpotent if some power of r is zero. The set of all nilpotent elements can
be given by v/0 and is denoted Nilrad(R). The Jacobson radical of R, denoted
Jac(R) is the intersection of all maximal ideals in R.

Remark. The radical of I is an ideal and V (v/I) = V/(I).

Proof. If 2 € VI, r € R then (2r)* = z"r" € I for all n sufficiently large. If
x,y € VI, say 2", y™ € I then (r 4+ y)mT" "1 is also in I. Notice that

m4+n—1 et m+n—1 i mt+n—1—1i
(x +y) = > ; 'y
=0

isin I since either t >norm+n—1—17>m.

To see the second part, let p € V(v/T). Then p D /T D I and thus p € V(I).
Conversely, let p € V(I) and z € vI. Then 2" € I C p and hence = € p.
Therefore p O v/T and we have that p € V(\ﬁ) O

Remark. The ring R is said to be reduced if there are no non-zero nilpotent
elements. For example, the ring R/\ﬁ is always reduced since /T = /1.

Lemma 3. If R is a ring and x is non-nilpotent then there exist ideals mazimal
with respect to the exclusion of the set S = {z"};2 and any such ideal is prime.

Proof. Let ¥ be the set of ideals of R that do not meet S. Note that X is
non-empty since the zero ideal does not meet S. By Zorn’s lemma', we have
that 3 has at least one maximal element I. Now assume that ab € I and that
a,b ¢ I. Hence we have that the ideals (I, a) and (I,b) have I as a proper subset
and hence neither are elements of ¥. That is, there exists natural numbers n, m
such that ™ € (I,a) and 2™ € (1,b). So for some i1,i3 € I and r,s € R we
have ™ = i1 + ra and ™ = i3 + sb. The product

=z"2™ = (i1 + ra)(iz + sb) = iz + i18b + iara + abrs

is an element of I, a contradiction. So [ is prime. O

1Let S be a non-empty partially ordered set (i.e. we are given a relation < y on S which
is reflexive and transitive and such that * < y and y < z together imply z = y). A subset
T of S is a chain if either z < y or y < x for every pair of elements z,y in T. Then Zorn’s
Lemma may be stated as follows: if every chain T of S has an upper bound in S (i.e. if there
exists z € S such that ¢ < z for all ¢ € T') then S has at least one maximal element.
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Corollary 4. Ewvery ideal is contained in a maximal ideal

Proof. Apply the lemma 3 to the ring S = R/I and x =1+ 1 € S. So there
exists an ideal J/I in S maximal with respect to not containing 1g. Le. if J/I
is maximal in S then J D I and J is maximal in R. O

Proposition 5. Let R be a ring and I and ideal of R. The following are
equivalent.

(1) z eI

(2) For all ring homomorphisms ¢ : R — k where k is a field, ¢(x) € (¢(I)).
That is, the image of x in k is in the ideal generated by the image of I in
k.

(8) x €p for all p € Spec(R) such that p D I.

In particular, /I is the intersection of all prime ideals containing I.

Proof. (1)=(2): Assume that 2 € /T and let k be a field. Consider a ring
homomorphism ¢ : R — k. Since (¢(I)) is an ideal of k it is either (1) or (0).
The former case is clear so assume the latter. For all large n, ¢(z™) = 0 so that
¢(x)™ = 0. But we are in a field, in particular a domain, hence ¢(x) = 0. (Note
that we could have restated (2) to say for all ring homomorphism ¢ : R — k
such that ¢(I) =0, ¢(x) =0.)

(2)=(3): Suppose that I C p for p a prime ideal. Consider the composition

R—"=R/p “ = K(p).
[

where k(p) is the field of fractions of R/p. Choose z € R as in (2). Notice that
¢(I) = 0 since I C p. Therefore we have that ¢(z) = 0. Since 7 is an injection,
we have that  +p = 0 in R/p and thus z € p.

(3)=(1): Assume that = ¢ /I and pass to R/I (assume R = R/I). Thus
we have reduced to the case in which = € p for all p € Spec(R) and = ¢ /0.
But by lemma 3, since x is not nilpotent, there exists a prime ideal P maximal
with respect to the exclusion of {z"}:2 ; a contradiction. O

Chinese Remainder Theorem
Definition. Two ideals I and J of a ring R are comazimal if I + J = R.
Example 22. If n,m € Z are relatively prime, then (n) and (m) are comaximal.

Example 23. If k is a field, then for any two distinct elements «, 8 € k, the
elements (z — ) and (z — ) are comaximal in the polynomial ring k[x]. To see

this notice 1

1
x — ).
More generally, if m;, my are distinct maximal ideals then m; and my are co-
maximal since m; C m; + mg implies my; +my = R.

1=

(z—a)-
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Theorem 6 (Chinese Remainder Theorem). Let R be a ring and Ir,...,I,
ideals. If I; and I; are comazimal for all i # j, then

(1) R/Ii x -+ x R/, ~ R/lLN--- NI,
(2) LN---NI,=15L1I1I,.

Proof. First do the case n = 2. For simplicity, Let I = I; and J = I5. By
assumption there exists i € I and j € J such that i+j = 1. Since IJ C INJ is
always true, consider an element r of INJ. Then ri+rj=rand IJ 2 INJ.
Hence the second part holds.

For the first part, consider a map f : R — R/I x R/J defined by f(r) =
(r+1,r+J). We need to prove that ker(f) = INJ and f is onto. By proposition
1 these two facts give the desired result. First notice that

fir)y=0 & r+I=I,r+J=J
&S relnd

Thus ker(f) = INJ. Next let (a +I,b+ J) be an element of R/I x R/J and
set r = aj + bi. Then

r+l=a+1 & r—acl
& aj+bi—acel
& alj—1)+biel
< a(—i)+biel

A similar argument can be made for b and J. Hence f(r) = (a+ I,b+ J).
To complete the proof use induction on n. With out loosing any generality,
assume n > 2. If 1 N---N1I,_1 and I,, are comaximal, then by the induction

R/I x -+ x BRIy ~ R/ NNy

and
Ln---Nlp_1=5LIsy---1,_1.

By the case of n = 2 we may conclude that
R/Ln---NILy1 xR/ L,y ~R/ILLN---NI,_1

and
LNl )N, =(ls- - I_1) - L.

In order to ensure I; N---NI,_; and I, are comaximal suppose they are
not and argue by way of contradiction. That is assume I; N --- N I,_; and
I,, are not comaximal. Then (Iy N---NI,_1) + I, is a proper ideal and is
contained in some maximal ideal m. Since I ---I,_1 C 1 N---NI,_1 we get
that I;---I,_1 € m. Since m is prime there exists 1 < j < n — 1 such that
I; € m. But then I; + I, € m, a contradiction. O
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Example 24. Recall from example 21 that
i) | (Z/5Z)[x]  Zs[x]

G) @+ (z-2@-3)

Here the ideals (z — 2) and (z — 3) are comaximal.

Prime Avoidance

Theorem 7 (Prime Avoidance: Version 1). Let Iy,..., I, be ideals in a ring
R, at most two are not prime. If J is another ideal and J C Uj_,I; then J C I;
for some j.

Proof. First assume n = 2 and that J ¢ I, J € I,. Choose elements j; € J—1I1,
jo € J — Iy and consider j = j; + jo. Since J C I; U I, we have j; € I and
j2 € I;. But j € J. So with out lose of generality, assume j € I;. Then
J1 =17 — J2 € I, a contradiction.

By induction on n, we will prove the general case. Let n > 2 and choose I;
to be prime. Assume that J ¢ I, for all j = 1,...,n. By the induction, for all
1<j<n, J LUl so choose a; € J — Ujx;I; (note aj € I;). Now consider

n
a=ai+ asaz---ay € UIj.
Jj=1

Suppose that a € I; for some j > 2. Since a; € I, azas---a, € I;. Hence
ay = a—azaz---a, € I;, a contradiction.

If a € I, then asasz---a, = a —ay; € I;. Since I; is prime, there exists an
[ such that 2 <[ < n where a; € Iy, another contradiction. Therefore a € J is
not contained in any I;. In other words, J € U7_, ;. O

Theorem 8 (Prime Avoidance: Version 2). Let R be a ring and p1,...,pn be
prime ideals of R. Suppose x € R, I is an ideal of R, and

{re+i|reR,iel}=(x)+1¢p;
for 1 < j < m. Then there exists an i € I such that x +i ¢ py U---Up,.

Proof. We can assume p; € pj for j # k. Assume by way of contradiction
that the coset © +1 C p; U---Up, and fix v such that x € p; N - N Py,
x ¢ pyy1U---Up,. We know by version 1 that I & py U---Up,. If so, I C py
for some k < v and therefore (z) + I C pg, a contradiction.

Choose ig € I~ (prU---Upy) and 7 € (ppr1 N---NPpp) N (prU---Upy)
(This is possible since pyy1 N+ Np, € piy 1 < i < w). Then x +rig € x4+ 1
and x 4+ rig € p1 U---Upy,. O

Example 25. Let R = Zy[z,y]/(x,y)?. Then (z,y)R C xtRUyRU (v + y)R
but (z,y)R is not contained in any of them.
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Proof. Every element in (x,y)R can be represented by an element of the form
ar + By + (z,y)? where o, B € Zy. Thus there are only 4 elements in (x,y)R;
namely x + y, z,y, and 0. O

Example 26. Let k be a field and R = k[x] a polynomial ring in one variable.
For an irreducible polynomial f(z), p = (f(x)) is prime and /(f"(z)) = p.

Example 27. Consider the integers Z. For n > 0, v/(n) = ()5 (@) =
(pjn(P) = 11, (p). (Chinese remainder theorem)

Example 28. Let k be a field and R = k[z] be a polynomial ring in one variable.
Consider the ideal I = (22, 2y,y?) of R. Then T = (x,y).

Example 29. Let R = k[a, b, c,d] be a polynomial ring over in four variables
over the field k. Consider the matrix

[ a b o [ a*+bc ab+bd
A_<c d) (A _<ac+cd be + d? ))
Let I = (a® + be, ab + bd, ac + cd, be 4 d?). Then /T = (det(A), trace(A)).

Proof. We will first show that (det(A),trace(4)) € v/I. By proposition 5 it
is enough to show that if homomorphism ¢ : R — k such that ¢(I) = 0 then
o(det(A)) = ¢(trace(A)) = 0. Apply ¢ to the matrix A and let «, 3,7, d be the
images of a, b, ¢, d respectively. Further let M = ¢(A). Since ¢(I) = 0 we have
that M? = 0. The characteristic polynomial is 7% — trace(M)T + det(M) - I.
So mp(T) = T? and therefore C,,(T) is also T2. This implies that trace(M) =
det(M) = 0. So trace(M) = ¢(trace(A)), det(M) = ¢(det(A)).

To see the reverse inclusion, it is enough to show I C (trace(A), det(A)) and
(trace(A), det(A)) is prime. O

Example 30.

(1) (General set up) Let R = k[x1,...,2,], S = k[t1,...,ts] be polynomial
rings over the field k. In general, a homomorphism ¢ can be defined
from R to S by sending z; to fi(t1,...,t,) in S. This extends to a
surjective homomorphism ¢’ from R to k[f1,. .., fu] via d(g(x1,...,zp,)) =
g(f1,- .., fn). Notice that k[f1,..., fn] is a subring of S. So the kernel of
¢’ is a prime ideal in R. Le. ker(¢) = {g(x1,...,2n) | g(f1,-.., fn) = 0}.

(2) Let ¢ : k[x,y] — k[t] defined by = — t?> and y + t>. The kernel of ¢ is
{g(z,y) | g(t?,#3) = 0}. This is a prime ideal, say ker(¢) = p. Notice
2% —1y? € ker ¢.

Claim. ker(¢) = (23 — y?)
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Let R' = k[z,y]/(2® — y?). Since (2 — y?) C p we have an induced
homomorphism ¢’ : R’ — k[t 3]. Consider the commutative diagram

Kl )/ (2 — ) id K[, 9]

T~ A

klz,y]/p

where f is an isomorphism by proposition 1. Since (2® — y?) C p, ¢’ is
surjective.

Remark. If ¢ : V. — W is a homomorphism of vector spaces, and {v;}
span V and if {¢(v;)} are a basis for W, then ¢ is an isomorphism.

Proof. Clearly ¢ is onto since {¢(v;)} are a basis. If ¢(>_ a;v;) = 0 then
> aio(v;) = 0 and thus a; = 0 for all 4. That is, ¢ is one-to-one. O

Given the remark, consider the vector space basis for R’ and S. Notice
that

S=k+kt?+kt>+kt*+kt°+---

and k[z,y] has a k-basis {z'y’}; 0. In R, {x'y’}; j>0 are a generat-
ing set. Since z® = y? we can refine this generating set to {z, z'y};>0.
Note that ¢'(2') = t?* and ¢'(z'y) = t**3 for i > 0. So under ¢,
{¢'(z%), ¢ (z'y)} is a k-basis of S. So the above remark shows ¢ is an
isomorphism. In particular, ker(¢') = 0 + (2 — %?) and thus ker(¢) =

(z® —y?).

Consider the map ¢ from k[z,y, z] to S = k[t3,t* %] defined by x > t3,
y — t*, and z — t°. We have that ¢ is onto, but what is the kernel?
Notice that the expressions y? — zz, 23 — yz, 2% — 2%y € ker(9).

Claim. The ideal I = (y? — 22,23 — yz, 2% — 2°y) is the kernel of ¢.
Let R = klz,y, z|/I. A k-basis for S is {t'};>3,—0. A k-generating set of

R is {2'y72%}; j k>0. But we can refine this to {z%, 2y, 2'z};>0. Apply ¢
to get the set

{o(z') =%, ¢(a'y) = ", pa'2) = 177}
This is a k-basis of S. So ¢ is an isomorphism and I = ker(¢).
In general, if a,b,c € Z* such that (a,b,c¢) = 1 then if we map k[z,y, 2]
into k[t*,t?,t°] via the map ¢, then the kernel of ¢ is always (minimally)

generated by the 2 or 3 elements which are exactly the least powers of
x,y, z expressible as a product of the other two.



5 Unique Factorization Domains 13

Going back to k[t3,t* t°], notice that the three generators of the kernel of
¢ are excactly the 2 x 2 minors of

T Yy =z
y 22 z

up to sign.

5 Unique Factorization Domains

Definition. A (non-zero) non-unit r € R is said to be irreducible if r # ab
where a and b are non-units. (Note that if u is a unit, r = u(u='r).)

Remark. In a domain R, a non-unit r is irreducible if and only if (r) is maximal
among principal (proper) ideals.

Proof. Suppose r is irreducible and (r) C (s). Hence s divides r and there exists
a t in R such that st = r. But then either ¢ is a unit and (r) = (s), or s is a
unit and (s) = R.

Conversely, if (r) is maximal among proper principal ideals and r = ab, then
since (r) C (a) either (a) = R (a is a unit) or (r) = (a). In the latter case,
r divides a as well. So, rs = a for some s in R and thus rsb = r. Therefore
r(1 — sb) = 0. Since R is a domain and 7 # 0, then 1 = sb. O

Definition. A ring R is a unique factorization domain (UFD, factorial in
french) if R is a domain and

(1) For all irreducible elements r € R, (r) is prime, and
(2) Any non-zero, non-unit r is a product of Irreducible elements.

Theorem 9. Let R be an UFD. Then every element r € R which is non-zero
and not a unit is uniquely a product

J— niy N2 Ng
r=attay?---ay
where a1,az,...,a are irreducible elements, and (a;) # (a;) for i # j up to

rearrangements and units.

Proof. First show uniqueness: Suppose
_ N1 Ne __ pmi m;
r=alt-alt = b b

b; irreducible, (b;) # (b;) for i # j. By induction, it suffices to prove (b;) = (a;)
for some 4, j. Then b; = a;u for some u a unit. We cancel b; and a; up to units
and the induction follows.

But

ny  n2 Nk
b | aitay? - - - ay
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so,
ni n2 ng
aitay? - ap® € (by).

But (b1) is prime, so there exists and 4, 1 < i < k such that a; € (by). This

implies (a;) C (b1). But a; is irreducible and thus (a;) = (b1) by remark 5.
What is left is to prove existence: This is given by part (2) of the definition

of UFD. O

Definition. An element e € R is idempotent if e = e.

Remark (See Atiyah, p. 20). For an idempotent e in R, 1 = e + (1 — e), and
e? = e if and only if e(1 — ) = 0. Further,

R~ Re x R(1—¢)
where Re has identity e and R(1 — e) has identity (1 — e).

Definition. A domain R is a principal ideal domain (PID) if every ideal is
principal.

Example 31. Z, k[z], k a field.
Theorem 10. If a ring R is a PID then it is also a UFD.
To prove this theorem, we need to prove the following
(A) If @ is irreducible then (a) is prime.
(B) Every element factors into irreducible factors.
But first some lemmas.

Lemma 11. If R is a PID, then every ascending chain of ideals stabilizes.
(Such a ring is said to be Noetherian.)

Proof. Suppose
LCIL,C---CLC--

is an infinite ascending chain. We can write I; = (a;). Let

This is an ideal. Therefore there exists a € R such that (a) = I. But then there
exists an ¢ such that a € I;. Then for all j > i

(ai) S (a;) €I = (a) C (ai),
a contradiction. O

Lemma 12. Let R be a PID. The following are equivalent:

(1) The element a is irreducible.
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(2) The ideal (a) is mazimal.
Proof. This is clear from remark 5. O
Now we are ready to prove the theorem.

Proof of Theorem 10. (A) is a consequence of lemma 12, since maximal ideals
are prime. For (B) let a € R, a is non-unit, non-zero. There exits a maximal
ideal m containing a. Since R is a PID, m = (aq), a; is irreducible by lemma
12. So, a = a1b;. If by is a unit, done. If not, (a) C (b1). Repeat with by in
place of a.

There exists an irreducible as such that b; = asbs. Therefore

(a) € (b1) C (b2)

If by is a unit then a = ajasbs. If not, continue. By lemma 11, this chain stops
and we have our factorization. O



Chapter 2

Modules

1 Notation and Examples

For a commutative ring R, an abelian group (M,+) is an R-module if there
exists a map R x M — M defined by (r,m) — rm satisfying the following
properties for all 7, s € R and m,n € M:

i) I-m=m

(i)

(iii) r(m+n) =rm—+rn
v)

(iv) (rs)m =r(sm)
Example 32. Let R =Z. A Z-module is an abelian group.

(r+s)ym=rm-+sm

Proof. Let M be a Z-module and n € Z, m € M. Property (ii) and (iv) force
that

n—times
—_— .
m4---+m ifn>0

(—m)+---+(—m) ifn<0

|| —times
This action forces (i) and (iii) to hold. O
Example 33. If R =k a field, then modules are exactly vector spaces over k.
Example 34. If f: R — S is a ring homomorphism, then
(a) S is an R-module;
(b) any S-module is an R-module.

In particular, R is a module over itself with respect to the usual multiplication.
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Proof. For (a), if r € R and s € S, define rs = f(r)s. Similarly for (b), if r € R
and m € M, for M an S-module, define - m = f(r)m. The R-module M is
said to be obtained from the S-module M by restriction of scalars. O

Example 35. Let k be a field and R = k[t] a polynomial ring with indetermi-
nate t. Let V be an R-module. By examples 33 and 34, V is a vector space
over k. But this vector space comes with an action of ¢ on V. That is,

t: V-V
v—t-v.

Note by example 33, for any vi,vs € V,

t(v1 + v2) = tug + tua.
By example 34, if a € k and v € V|,

t(av) = (ta)v = a(tv).

Therefore, ¢ is an endomorphism from V to V; i.e. a linear transformation.
The definition of a module force that if p(t) = g + art + - + @, t™, then

p(t) - v = v+ ai(tv) + - + a, (t"v).

The converse also holds: given a vector space V and a linear transformation
T:V — V we can make V into a k[t]-module by tv = T'(v) for all v € V.

Example 36. If R = k[t1,...,t,] is a polynomial ring over a field with n
variables, then an R-module M is a vector space V with n linear transformations
Ty, ...,T, which commute.

Example 37. Suppose {M;} are R-modules. We define the direct sum of a
module as

@Mi = {(m;) | m; € M;, all but finitely many m; = 0}.

This is an R-module. The direct product is defined as
[ = {(mi) | ms € M}

When the index set is finite, the notions of direct sum and direct product coin-
cide.

2 Submodules and Maps

Definition. If M, N are R-modules, then an R-homomorphism ¢ : M — N is
an homomorphism of abelian groups such that ¢(rm) = r¢(m) for all r € R.
An R-homomorphism is an isomorphism if it is surjective and injective. As
with rings, the kernel of an R-homomorphism is the set of all elements that get
mapped to zero.
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Example 38. Let M, N be R-modules. Define Homp (M, N) to be the set of
R-homomorphisms from M to N. This becomes an R-module with addition
and multiplication defined as follows: for any f, g in Homg (M, N), r € R,

(f +9)(m) := f(m) + g(m)
(r- f)(m) :=rf(m)

Note. If k is a field, V' ~ k™, Homy(V, V) ~ M, (k) where M, (k) is the set of
n x n matrices with elements from k.

Definition. An R-module F'is a free module if F' ~ @, R; where R; ~ R. In
other words, F is free if it has a basis.

Example 39. Every vector space V over a field k is free. Choose a basis {v;}
of V. Then V ~ @, kv;, kv; ~ k.

Definition. Suppose that M is an R-module. We say that {z;}icr, x; € M,
generate M if for all x € M there exists an equality (not necessarily unique)

Tr = E riZ;
i

such that r; € R and all but finitely many r; are zero. The R-module M is said
to be finitely generated if I is a finite set. L.e., there exists x1, ...,z € M such
that M = {ryzy + -+ rpag | 7 € R} = Rxy + -+ + Ry = (21, ..., Tk).

Remark. Let M be an R-module with a generating set {z;};cs. In this case, let
F ~ @, R; where R; ~ R. Consider the elements e; = (0,0,...,1,0,...) € F,
where the one is is the i*" position. There exists a homomorphism F — M
defined by e; — x;. Thus

(T17’I"2, .. ) — Z’I’,Il € M.
i
This is a surjective map and well defined since F is free.

Submodules and Quotient Modules If M is an R-module, a submodule
N of M is a subgroup N C M such that the restricted operations make N an
R-module. If N is a submodule of M, we can define a quotient module, denoted
M/N as follows: the group structure is as a quotient group and r(m + N) =
rm + N. For instance, if M = R, then the submodules are exactly the ideals.

Example 40. Kernels and images of homomorphisms are submodules of their
respective modules, e.g. if N C M, the natural projection = : M — M/N
defined by « +— z+ N is an homomorphism with ker(7) = N and im(7w) = M/N.

The next three theorems are generalized versions of proposition 1 and theo-
rem 2. They are stated without proof.
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Theorem 13 (Isomorphism Theorem). Let R be a ring and f : M — N an
R-homomorphism. Set K =ker(f). Then f factors as a surjection followed by
an injection as in the following commutative diagram:

M4f>N

| A

M/K
In particular, if f is onto, then g is an isomorphism.

Theorem 14. Let R be a ring and N C M be R-modules. Then there exists
a one-to-one inclusion preserving correspondence between submodules of M /N
and submodules of K C M such that N C K:

K <— K/N.

Theoreﬂ 15. Let N C K C M be R-modules. Define M = M/N and K =
K/N C M. Then -
M/K ~M/K.

Definition. If N, K C M are R-submodules and I C R, then we define

IM = ijmy |i; € Imje My CM
J

N+K={n+k|neNkeK}

Remark. The objects IM and N + K in definition 2 are submodules of the
R-module M. Further, N + K is the smallest submodule of M containing N
and K.

Theorem 16 (Diamond Isomorphism). If N, K C M are R-submodules, then
there is an isomorphism theorem:
N+ K K
N — KnN’

Proof. Let f be the composition map from K to N + K/N

K“—~——sN+K —>N+K/N

f
defined by k — k + N. Notice that f is surjective and by theorem 13 we have

that
K/ker(f) ~ N+ K/N.
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Finally
ker(f)y={ke K: f(k)=0}={ke K:k+N=N}=KNN.
O

Lemma 17. Let R be a ring and M an R-module. Then Hompg(R, M) ~ M.

Proof. Define a homomorphism ® : Hompg (R, M) — M by ®(¢) = ¢(1). Check
that ® is an isomorphism. O

Remark. From the lemma we know that Homy(Z, Q) ~ Q. Let ¢ € Homy(Q, Z)
be a non-zero Z-homomorphism, so that there exists o € Q such that ¢(a) # 0.
Without loosing generality, say ¢(a) = n, with n > 0. So,

n=0(0) = (m-—-a) =m-(-a) € Z.

Since m is arbitrary, we have arrived at a contradiction. Hence Homz(Q,Z) = 0.

3 Tensor Products

Definition. Let M, N, P be R-modules. An R-bilinear map f: M x N — P
defined by (m,n) — f(m,n) is a map such that
(i) If we fix x € M and then define f, : N — P by z — f(z,n), then f, is
an R-module homomorphism.
(ii) Similarly, fixing y € N and defining f, : N — P by m +— f(m,y) is an
R-module homomorphism.

Theorem 18. Given R-modules M, N, there exists an R-module T and a bi-
linear map g : M x N — T such that

(i) Given any other R-module P and bilinear map f : M X N — P, there
exists a unique R-module homomorphism o : T — P such that

M x N

P

T

is a commutative diagram.

(ii) Further, T and g are unique in the following sense: If T' ¢’ is another
pair satisfying (i), then there exists an isomorphism i such that

MxN—2 T

X S

T/

is a commutative diagram as well.
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Definition. The R-module T in the above theorem is called the tensor product
of M and N (over R) and is written T'= M ®g N.

Proof. For (i), let F be a free module @ Ry, ,,) with m € M, n € N and
R(y.n) =~ R. Denote the element with a 1 in the (m,n)t" slot and 0 elsewhere
by [m,n]. Hence F = @ R[m,n].

Let C be the R-submodule of F' generated by all elements of the following
form: m; € M, n; € N, r € R.

) [ma+ma,n] —[my,n] — [ma,n]
2) [rm,n] —r[m,n]

) [m,n1 4 no] — [m,na] — [m, ny]
4) [m,rn] = r[m,n]

Set T = F/C and define the map g: M x N — T by (m,n) — [m,n]+ C. g is
clearly bilinear. Define [m,n] 4+ C by m ® n. Now let P be an R-module and
f:M x N — P be a bilinear map.

MxN—9% .7

N

P

Note that 7" is generated as an R-module by elements m®mn since F' is generated
as an R-module by [m,n].

A typical element in 7" looks like » . m; ® n;, not m @ n. (ri(m; ® n;) =
rim; @ ng = mj; Q@ n;)

We have no choice for a: a(m ®n) = f(m,n) is forced, and then to make
this a homomorphism, we must set a(>_m; @ n;) = > f(my,n;). To see « is
well-defined, first observe the map F 5p: [m,n] — f(m,n) gives an R-module
homomorphism. To see « is well-defined, it suffices to prove ®(C) = 0. Then &
induces a well-defined homomorphism

T/C—P :t+Cw— 0(t) (me@n+— f(m,n)).

It’s enough to prove ® sends the specified generators of C' to zero, and it does.
For (ii), if T, g and T, ¢’ are two such tensor products, then by

MxN—*2 .71

7

it is easy to check a«o 8 =17 and Boa = 1. O
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Example 41. Let F' and L be two field extensions of a field K, and let F'L be
their compositum, so that we have a diagram of fields

N
N

There exists a K-bilinear map from F' x L — FL and therefore there exists a
K-homomorphism F ® L — FL. This is an isomorphism if and only if one of
the two equivalent conditions hold.

(1) Every set {z;} of elements in F’ which are linearly independent over K are
linearly independent over L.

(2) Every set {y;} of elements in L which are linearly independent over K are
linearly independent over F.

Exact Sequences

Definition. A sequence of modules and homomorphisms

@i i
..%MHQMZ,LMZ._IH...

is said to be ezact if for all i, ker(¢;) = im(¢;+1). It is said to be a complex if
im(¢;11) C ker(¢;), equivalently, ¢; o ¢;+1 = 0. A short exact sequence (s.e.s.)
is a sequence

0—=A->B-2Cc—0
which is exact. This means
(1) « is injective, i.e. ker(a) = 0.
(2) B is surjective, i.e. im(B) = C.
(3) ker(8) = im(a)
Example 42. Given R-modules N C M,

0—=N—>M-"=M/N—=0

is a s.e.s.

Proposition 19. Let R be a ring and M, N,Q, M;, N; be R-modules. Also let
I be an ideal in R.
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(1) M®N~N® M
(2) MON)@Q~M® (N®Q)
(3) RIT®@ M ~ M/IM

(4) (B; M;) ® N ~ P, (M; ® N)

(5) If K is a field, V., W vector spaces, {v;} a basis of V and {w;} a basis of
W, then {v; ® w;} are a basis of V. ®@x W. In particular,

dimK(V RK W) = (dimK V)(dmeW)

(6) If IM = IN = 0, then M and N are R/I modules and M ®p/;; N ~
M ®gr N.

(7) IF ¢ : M — N is a homomorphism, then there exists an induced homo-
morphism ¢ 1 : M RQ - NXQ by (¢ R1)(m®q) =¢(m) Rq.

(8) If My -5 M, N M3 — 0 is exact, then

MyaN o N2 mo N —=0

is exact (right exactness).
(9) Hom, @ adjointness

Hompg(M ®r N, Q) ~ Homg(M,Hompg (N, Q))

Proof. (1) Notice the bilinear map M x N — T is exactly the same as the
bilinear map N x M — T by “flipping”. So both M ® N and N ® M solve the
same universal problem. M ® N ~ N @ M where m @ n — n ® m.

(2) Exercise.

(3) We will show that M/IM has the correct universal property. Denote
cosets in R/I by - and define the map R/I x M — M/IM by (7,m) — 7m.
This is well-defined: 7 =5 < r—sel = (r—s)ym € IM = 7m = sm in
M/IM.

It is bilinear, e.g. (F +3,m) — (r + s)m = 7m + sm.

Does there exist a unique R-module homomorphism h such that

R/I x M

ho.
g
4

Q

M/IM

commutes? Define o : M — Q by a(m) = g(1,m). This is a R-module
homomorphism by the bilinearity of g.
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Remark. In general, if h : M — N is an R-module homomorphism and if
I-h(M) =0, for I an ideal in R, then there exists an induced homomorphism
h such that the following diagram commutes.

h

N A

M/IM

M N

Claim. I-a(M)=0
To see this, let m € M and a(m) = g(1,m). For i € I,

i-a(m)=1i-g(1,m)=g(i -1,m) = g(i,m) = g(0,m) = 0.

Hence there exists an induced R-module homomorphism @ : M/IM — Q.
Further we have that

g(F,m)=r-g(1I,m)=r-alm) =r -a(m) = a(rm).

So the diagram commutes for any bilinear map g, that is, M/IM ~ R/I®r M.
(4) Exercise.
(5) Note, in general, that using (4) and induction, if F' is the free module
> Rv; and G =} Rw; then F ®r G =3, ; R(v; ® w;). Using (3) with I =0,
we see that R®@r N ~ N. e.g.

RP®R*=(ROR)®R*~ (R®R*)® (R® R*) ~ R>® R ~ R".

Now apply this to vector spaces which are free k-modules to get (5).

(6) Exercise.

(7) Exercise.

(8) As an R-module, M5 ®pr N is generated by “decomposable” tensors,
m®n, m € Mz, n € N. But there exists an 2 € Ms such that 8(x) = m and so
(B@1)(x®n) =m®n and thus &1 is onto. Note that ker(F®1) 2 im(a®1).
For let x € My, n € N;

(B2 1)((@® 1)@ ®n) = fale) @n=0@n =0.
Therefore, there exists an induced map

M- N
M ON FoL o N — 0.
im(a®1)

It is enough to show S ® 1 is an isomorphism. We will construct h : M3 @ N —
My ® N/im(aw ® 1) such that (5®1)oh = ho (F®1) = id. Consider the
R-bilinear map

My ® N
My x N — —290%
9 M im(a 1)
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Let © € M3, n € N and define g(z,n) = y @ n in My ® N where B(y) = . We
want to prove that g is well defined, i.e. if S(y) = z = 8(2), then for n € N

yn+imla®l)=z®n+im(a® 1).

This can be restated as (y —2) @n =y®@n —z2®n € im(a ® 1). However
Bly—2) = Bly) — B(2) = x —x = 0. So there exists u € M; such that
afu)=y—=z. Then (y—2)@n=ca(u)@n=(a®1)(u®@n) € im(a® 1), and
therefore g is well defined. Then g induces a R-homomorphism

My, ® N

h:Ms®N
8@ im(a®1)

r@nt———>g(xz,n)

Now let © € M3, n € N. If we compute (8 ® 1)(h(z ® n)) where B(y) = z, we
have

so that (8 ® 1)h = id. Conversely

h(B@1)(y @n)) =h(By) ®n)
=yn,

and therefore § ® 1 is an isomorphism, that is im(a ® 1) = ker(8 ® 1) and the
sequence is exact.

Example 43. For x € R, z is said to be a non-zero divisor if the map from R
to R defined by r — rx is one-to-one. (i.e. r&a =0 = r =0) Let x € R be a
non-zero divisor. Then

0—R-“R— R/Rt —0
is an exact sequence. Now let M be an R-module. So
R®RM—$>R®RM—>R/xR®RM—>O,

that is
M > M —= M/zM — 0,

is exact. Notice that if x is also a non-zerodivisor on M, then
0—>M—I>M—>M/J:M—>O

is also exact.
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Remark. The map M = M being one-to-one is equivalent to x being a non-zero
divisor of M. In fact, explicitly, this means am = 0 = m = 0 for m € M. For
example, if M = R/Rx then

R/zR -~ R/zR

is the zero map, hence not one-to-one.

Remark. Since M@N ~ N@ M, Homp(M ® N, Q) ~ Hompg(N,Homg(M, Q)).

(9) Homomorphisms from M ® N to @ correspond to bilinear maps from M x N
to Q. A bilinear map from M x N to @ is a linear map from M to Hompg (N, Q).
That is exactly an element of Hompg (M, Homg(N, @Q)). O

4 Operations on Modules

Definition. In analogy with the colon operation defined for ideals, given an
ideal I C R and R-modules N C M we define the R-submodule

N:yI={meM:mICN}CM.
Similarly, given N, L C M two R-submodules we can define the ideal
N:gL={reR:rLCN}CR.
In particular, if N =0 C M and L = M we define the annihilator of M as
ann(M)=0:g M ={re R:rM =0} CR.
Definition. If M is an R-module, M is said to be flat if whenever
0— Ny =% Ny =55 Ny — 0
is a short exact sequence of R-modules, then

0—NoM2NeoM > NyaM —0

is also exact; equivalently, « ® 1 is one-to-one. If f : A — B is a homomorphism
of rings, we say f is flat homomorphism if B is a is a flat A-module (B is an
A-module via f: a-b= f(a)-b).

Example 44. Any free module is flat.

Remark. M is finitely generated if and only if there exists a free module R*
mapping onto M.

Proof. If M is finitely generated and R* oM 0, ¢(e;) = x;, then ker(¢)
is a submodule of R* and ker(¢) = {(r1,...,rx) € R¥ | 3, 7z, = 0} where

0 — ker(¢) — RF -2 M —> 0.



4 Operations on Modules 27

Note. Elements in the kernel of ¢ are called syzygies.

Theorem 20 (Nakayama’s Lemma, NAK). Let R be a ring, I C R and M
a finitely generated R-module. If IM = M, then there exists x € I such that
(1+z)M =0.

Remark. If there exists an z € I such that (1 + z)M = 0 then for all u € M,
u=—zu€clIM. So M =1IM.

Proof. Let M = (my ...my). For each 1 < i < k, we can write

mi=injuj Uj EM,l‘ij el.

J

But since M is finitely generated, we have u; = Zl r;imy where 7;; € R. There-

fore,
m; = E (L‘Z‘jUj
J
= E Tij (E szmz>
J l

:E g TiT41 | Ty
l J

= E Yiamy
l

=yimi + -+ Yipemg

where y; = > ;T Thus we have a system of linear equations

—y11 +1 —Y12 e —Y1k my 0
—Y21 Y22 +1 .- —Y2k mo 0
—Yk1 —Yk2 o —ykk + 1 My, 0

Recall that for a square matrix A, adj(A) - A = det(A) - I where I is the
identity matrix. Let A be the above matrix composed of the y;;’s. Hence

mq 0
adj(4)-A| & | =

or, by the recollection,

det(A) 0 mq 0

0 det(A) my 0
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Thus for 1 < 4 < k we have det(A) - m; = 0. This forces det(A) - M = 0. Now
modulo I the matrix A is the identity matrix. Hence det(A) = 1 (mod I), i.e.
there exists an = € I such that det(A) =1+ z. O

Corollary 21. If I C jac(R) and M is finitely generated with IM = M, then
M =0.

Proof. By NAK, there exists an « € I such that (14 2)M = 0. So it is enough
to show that 1 + x is a unit. This is true if and only if 1 + z is not in any
maximal ideal. But x € ﬂm, m maximal, implies 1 + « is not in any maximal
ideal. O

Corollary 22. Suppose that I C jac(R). Assume M is an R-module, N C M
and M/N is finitely generated. If M = N + IM then M = N.

Proof. Notice that I(M/N) = M/N. Let u € M and consider u + N € M/N.
Write w = n+y forn € N and y € IM where y = > a;y;. Then u+ N =
y+N => a;(y;+N) € I(M/N). Apply NAK to M /N, using the first corollary
we get that M/N = 0. O



Chapter 3

Localization

1 Notation and Examples

A subset W C R is said to me multiplicatively closed if 1 € W and for any two
elements wy,we € W, wiwe € W. Two main examples of this are as follows.

Example 45. If € R, not nilpotent, then W = {2"}2° ; is multiplicatively
closed.

Example 46. If p € SpecR the W = R ~\ p is a multiplicatively closed set. In
particular, if R is a domain, then W = R~ {0} is multiplicatively closed as well.

The idea in this chapter is to construct a ring in which all elements of W
become units, i.e., solving the following universal problem: If g : R — S is a
ring homomorphism such that g(w) are units in S for all w € W, then there is a
unique ring L, and a unique homomorphism A such that the following diagram
commutes.

Construction For aring R, M an R-module and W a multiplicatively closed
set, consider elements in the set RxW (respectively M xW). Put an equivalence
relation ~ on R x W by: (ry,w1) ~ (r2,ws) if and only if there exists a w €
W such that (rjwe — rowr)w = 0. This does define an equivalence relation:
Reflexivity and symmetry are clear. For transitivity, let (r1,w1) ~ (72, w2) and
(ro,ws) ~ (rs,ws). Hence there exists a w, w’ € W such that (rws—rew;)w =0
and (rows—rswz)w’ = 0. Notice that ww'[ws(riwe —rowy ) +wy (rows —rsws)] =
0. Simplifying we find (r1ws — r3w; )waww’ = 0.

We denote the equivalence class or (r,w) by - or wlr € Rx W/ ~ (simi-
larly, ). The set of equivalence classes in R x W/ ~ we will denote W-IR (
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or Ry) and similarly, M x W/ ~ denoted W~1M. We have to make W~1R a
ring by defining

1 n Ty TiW2 4 Towy
wy  wy wywy

Tt T2 T1ir2

wyp w2 ) wle.

We make W~1M a module over this ring W' R by defining

my n mg  Mjwz + MW
wi w2 ’ w1wW2

T m rm

wy wp  wiws

Ezercise 1. Check for the well-defined property then show that W 'R is really
a commutative ring and W 1M is really a module over W1 R.

Remark. The identity of W1 R is % or = for all w € W. Also, there exists a
ring map (sometimes called the canonical map) R — W~1R defined by r 1

Definition. Let R be a ring and M, R-module and W a multiplicatively closed
set. The localization of R with respect to W, is the ring W~ R. Similarly, the
localization of M with respect to W is the W—!R-module WM.

Remark. If W = {2"}°, (see example 45) then we denote W~'R by R,.
Likewise if W is a complement of a prime p (see example 46) then we denote
W™IR by R,.

Proposition 23. The ring W 'R has the following universal property:

WolR

3
f\\\ p g9

S

Given a ring homomorphism such f(w) is a unit in S for all w € W, then
there exists a unique ring homomorphism g : W 'R — S making the diagram
commute.

Proof. Define g(£) = f(w)~" f(r). This is forced since

but g(w) = f(w) and g(r) = f(r) are forced. Therefore f(w)™'f(r) = g(L) is
forced.
The reader should check that g really is a ring homomorphism. O
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Remark. Let U, W be multiplicatively closed in R. The set UW = {uw | u €
U,w € W} is also multiplicatively closed. (Caution, it could happen that 0 €
UW). Then

(UW)'R~UYW™'R)

This can be checked since the right hand side has the same universal property
as the left hand side.

Remark. 1f0 € W then W 1R =0
Theorem 24. Let M, N, L be R-modules and W a multiplicatively closed set.

(1) If M = N Py L is an ezact sequence, then My <% Ny, Bw, Lw is
also an exact sequence of Ry -modules.
(2) M ®r Rw ~ Mw
Proof. First given o : M — N, define aw : My — Nw by aw (%) = 2. This
is a well-defined Ry -module homomorphism. Let I € ker(By) where n € N
and w € W. Since

20— (2) -2

there exists a u € W such that u(0-w — 8(n)) = 0. Hence un € ker(8) = im(«)
because uf(un) = 0 implies S(un) = 0. So there exists m € M such that
a(m) = un. Then

( m ) a(m) un n
aw (— ) = = =—
uw uw ww o w

and therefore ker(Sy ) C im(aw ).
Conversely, if = € aw (), then

ﬂW(%)ZﬁWOaw(%)ZIB(}%(m):%:O.

To show the second part, define 6 : M x Ry — M,, by 6(m, ) = = where

T u

mée M, u e W, and r € R. This is a bilinear map, so we get an induced map

M ® Ry -2 My

rorm
mee —— —.
U U

Claim 1. The map ¢ is one-to-one and onto.

To show ¢ is onto, just note that ¢p(m ® %) = ™. Now suppose that

n
ri
;@ — | =0.
o(§me)
i=1
Fist note that with out any loss of generality all the u;’s are the same, say u.

Then ‘ 1 1
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which is of the form m ® 1. Thus we have ¢(m ® 1) =0 so 2 = 0. But this is
true if and only if there exists a w € W such that wm = 0. Then

1 w 1 1
mR—=mx —=um® — =0® — =0.
u wu wu wu

Corollary 25. The map R — Rw is flat.

Proof. This follows from the canonical isomorphisms of the tensor product and
the definition of a flat homomorphism (see definition on page 26). O

Corollary 26. If I is an ideal, M an R-module, and W a multiplicatively closed
set, then
WHM/IM) ~ WM/ I(W~'M).

In particular,
WY R/I) ~ W 'R/WI.

In other words, localization commutes with quotients.

Proof. Apply the theorem to the left hand side and then use the canonical
isomorphisms of the tensor product to obtain the right hand side. O

Example 47. Given the polynomial ring k[z,y] in two indeterminates over a
field k, the structure of the ring
(k‘[x, y])
(zy) /,

can be determined using the previous corollary. That is,

(/f[af,y]> Lkl

(zy) (wy)kfa, 2=, y]

Notice that (zy)k[z, 271, y] = (y)k[x, 271, y]. So substituting and applying the
corollary again we obtain

<k([fj£/z)J]>I ~ klz], ~ klz,z7"].

2 Ideals and Localization

Example 48. Let R be a domain with W a multiplicatively closed set in R,
0 ¢ W. Then W~1R is still a domain.

Proof. Suppose %Z)—/, = 0. This means there exists w” € W such that w”rr’ = 0.
Since w"” # 0, either » = 0 or 7' = 0. Thus either 7~ =0 or =0, O

w
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Definition. If R is a domain and W = R — {0}, then W~1R is a field called
the field of fractions of R, e.g. if R = 7Z, then the field of fractions is Q.

Theorem 27. Let R be a ring, W a multiplicatively closed set of R.
(1) If I is an ideal of R then WLI is an ideal of W 'R where

W11{2|i61,w€W}.

w

(2) If J is an ideal in W 'R then
JmR:{iemieJ}.

(8) The previous two statements give a one-to-one inclusion preserving corre-
spondence between Spec(W ~'R) and primes p in R such that pN'W = ()

Proof. For the first part, use the definition of addition and multiplication in the
ring WLR.

In general, if ¢ : R — S is a ring homomorphism, J C S, then ¢~1(J) is an
ideal in R. Apply this to the canonical map from R into W~!R and we have
that ¢~'(J) = J N R is an ideal. Further, if £ € J then wi = £ implies that
i€ JNR. Thus £ € W=1(J N R) and the second statement follows.

For the third statement, consider q € Spec(R) and q N W = (). Then since
W-HR/q) ~ W 'R/W'q

we can apply the above general remark to the domain R/q. We see that
W=Y(R/q) is a domain and so W~q € Spec(W~'R). (W Ngq = ( implies
that W—lq=W~1R)

Conversely, if Q € Spec(W™!R) then @ N R = q is prime. (This is true for
general homomorphisms) By (2) we have that W~1q = Q. O

Remark. If I} and I, are ideals, it is possible that W—1I; = W11, without
L =1.

Example 49. Let R = k[z,y] be a polynomial ring in two variables over a
field and W = {y"},>0. Consider the ideals I; = (22, zy) and Iy = (z). Then
WL =Wt but W N R = ().

Remark. In general, if I C R is an ideal, then
W INR={reR|IweWwithw-rel}= ] I:w
weWw
This contains [ if I is not prime. If I is prime,

U I:w=1.

weWw
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Corollary 28. Ifp € Spec(R) then R, is local with mazimal ideal pR,,.

Proof. We know that Spec(R,) is the set of primes @ in R such that QN R, = 0,
i.e. primes @ such that @ C p. O

Proposition 29. Let R be a ring, R[x] a polynomial ring over z. Suppose
Q1 C Q2 C Q3 for prime ideals of Rlx]. If

QiNR=Q;NR=Q3NR
then Q1 = Q2 or Q2 = Qs.
Proof. Set = Q1 NR=QyNR=QsNR. Then
R/qlx] ~ Rlx]/qR[x].
Also set Q) = Q1/qR[z], Q3 = Q2/qR[z], Q5 = Q3/qR[z]. In R/q we have
QNR/q=Q;NR/q=Q5NR/q,

so without loss of generality we can assume R = R/q is a domain with Q1 = Q7,

Q2 = Q% and Q3 = Q4 and
Q1NR=Q:2NR=Q3sNR=0.
Let W = R~ {0}. Then WNQ; =0, therefore
WQ1 CW Q2 C W Qs

is a chain of primes in W™ (R[z]) = R[z] @g WI1R = (W~!R)[z]. But W~ 'R
is a field, so (W ~!'R)[z] is a polynomial ring over a field, and this means:

Spec((W™'R)[z]) = {0} U {f(=)},

where f(z) # 0 is a irreducible polynomial. Hence the longest chain of primes
has length two (because (W ~!R)[z] has Krull dimension equal to one), therefore
W=1Q, = W1Qy or W™1Qy = W—1(Q3, which implies

Qi=0Q2 or Q2=Qs.
]

Theorem 30 (Local - Global Principle). Let R be a ring and M and R-module.
The following are equivalent:

(1) M =0;
(2) My, =0 for all p € Spec(R).

(3) My =0 for all m mazimal in Spec(R).
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Proof. Clearly (1) = (2) = (3). Now assume (3) and by way of contradiction
suppose M # 0, i.e. there exists x € M,  # 0. This means ann(z) = {y €
R :yx =0} # R, therefore there exists a maximal ideal m € Spec(R) such that
ann(z) C m.

Claim. T # 0 in My.

T =

Proof of the Claim. Assume £ = 0, then there exists w € R ~ m such that
2w = 0 in R. Therefore w € ann(z) C m, which is a contradiction.

So the claim holds, but this is a contradiction since we assumed My, = 0. O

Corollary 31. Let f : M — N be an homomorphism of R-modules. Then f
is injective (respectively surjective, isomorphism) if and only if the homomor-
phisms f, : My — N, are injective (respectively surjective, isomorphism) for all
p in Spec(R).

Proof. Note that f, (%) = @ for s ¢ p. Also

f is injective <= ker f = 0.
f is surjective <= cokerf = 0.
f is isomorphism <= ker f = cokerf = 0.

But the Local-Global Principle says that it is enough to check (ker f), and
(cokerf), for all p € Spec(R). Finally, since @R, is flat, we get (ker f), =
ker f, and (cokerf), = coker f,. Hence

f is injective <= f, is injective for all p € Spec(R).
f is surjective <= f, is surjective for all p € Spec(R).
[ is isomorphism <= f, is isomorphism for all p € Spec(R).

O

Remark. If M is generated by z1,...,z,, then for all multiplicatively closed

—1a7; n
sets W, W= M is generated by %-,..., 5

Proof. Assume 1, ..., x, generate M, then there is a surjective R-homomorphism

p:R"— M
e — I;

 is surjective, therefore ¢y is also surjective, i.e.

ow : WIRY — WM
Gt

€

=

oy

)

-l

is a presentation for W =1 M, which is generated by oy (eTl) =5, 0w (
x

zn
1 -
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Remark. If R is local and M is finitely generated then all minimal generating
sets of M have the same number of elements; namely the dimension of M/mM
over R/m where m is the unique maximal ideal.

Proof. By Nakayama’s Lemma M = Rxy + ... Rz, if and only if M = Rz +
...+ Rz, +mM. Therefore x1,...,x, minimally generate M if and only if their
images T1,...,T, form a k = R/m-basis for the vector space M/mM. O

Example 50. Suppose R has nontrivial idempotents, say e. Then R itself is
generated by {1}, but it is also minimally generated by {e,1 — e}

Definition. If M is an R-module, the support of M is the set of prime ideals
p in Spec(R) such that M, # 0. This set is denoted Supp(M).

Proposition 32. If M is finitely generated then
Supp(M) = {p € Spec(R) | p 2 ann(M)} = V(ann(M))

Proof. M, = 0 if and only if there exists s ¢ p such that sM = 0 if and only if
there exists s ¢ p such that s € ann(M) if and only if ann(M) £ p. O

3 UFD’s and Localization

Theorem 33. Let R be a ring and let W be a multiplicatively closed set.
(1) If R is UFD then W—1R is UFD.

(2) Suppose there exists a set of prime elements A = {x;} C W which are
NZD such that every element w € W can be written as

i
IfW=IR is UFD and R satisfies ACC (Ascending Chain Condition) then
R is UFD.

To prove this theorem we need some further results.

Lemma 34. Let R,W and A be as above. Then every r € R can be written in
the form r = wr’ for some w € W and z; [ r' for all z; € A.

Proof. If z; fr for all x; € A then take ' = r and w = 1. Otherwise r = rya;
for some r; € R, z; € A. Note that (r) C (r1). Repeat the process with 1 in
place of r. Inductively we get a chain

(r)C (r) C(r2) ...

which must stabilize at some point since R is Noetherian. If (r,) = (r41) this
means that z; does not divide r,, for all z; € A. But then r = wr,, for some
w € W by construction. O
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Lemma 35. Suppose that (%) C W™IR is a prime ideal. Write z = wz' as in
Lemma 34. Then

z 2 Z o . )
(i) = <1> and <1) NR=(z) isprimein R.

Proof. Clearly (%) = <ZT/> since ¥ is invertible in W™'R. Also (2) C Ris a

. . ’ . . . —
prime since (z—) is a prime in W' R. Moreover we have:

<21/>OR U & w),

weW
therefore we are done if we prove that (2’ : w) = (2/) for all w € W. Let
r € (¢ : w), then there exists s € R such that wr = 2’s. By definition of A in
Theorem 33 there exists a1, ..., a, integers such that w = [, 7. Therefore
it alir = 2 s

Hence x;|2's but x; f 2’ for all 4, and since the z;’s are prime we get z;|s for
all 7. So we can cancel the x;’s one at a time to get r = 2t for some t € R, i.e.
r e (2). O

Proof of Theorem 33. (1) Recall that to prove that a domain is UFD we only
need to show that every irreducible element is prime, provided we have ACC
(Ascending Chain Condition) on principal ideals. R is UFD, hence a domain,
therefore W 'R is a domain. If € R is irreducible then x is prime, therefore
W=(z) = (%) is prime in W' R provided W N (z) = 0. Set

W' ={zx e R:3weWzlw}
Claim. W™iR = (W')"1R
Proof of the Claim. Let x € W’ and write zy = w € W. in W™!R w is a unit,

then

1

l=wley = z(w™ly) = y(w 'z)

so x and y are also units. This means that W 'R satisfies the same property

as (W)L R and therefore they are isomorphic. O
By the Claim we can assume without loss of generality that W = W', Let
% € W™IR and write b =2 - ...z, a product of primes (R is UFD). Then
b 1m Tn
w w1 1
Now % is either a unit (if z; € W’) or a prime element (if z; ¢ W’).

(2) It suffices to show that every irreducible element r € R is prime. There are
two cases:
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(1) § is a unit in W=IR, ie. r € W. Since every element in W is a product

of z;’s in A, but also r is irreducible, we have that r = x; for some j, and
hence it is prime.

(2) { is not a unit, then there exists a prime ideal (%) C W™'R such that
g € (;) Therefore there exist s € R and w € W such that
r_zs B
1= 1w wr = z8.

Without loss of generality we can replace z with 2’ of Lemma 35 to assume
x; fzforallz; € A. By Lemma 35 z is prime and z|wr but z [ w, therefore
z|r. Finally r is irreducible, hence (r) = (2) is prime.

O
Corollary 1. If R is a UFD, so is R[x1,...,Zy].

Proof. By induction we can assume n = 1 (write x := x1). Let W := R~ {0}.
Since R is UFD, W satisfies the conditions of Theorem 33 (2), and it satisfies
them not only for R but also for R[z]. Therefore R[z] is UFD if W~R[z] is
UFD. Finally W™'R[z] = (W™ 'R)[z] = K[z] where K = W™1R is a field,
therefore it is a PID and hence a UFD. O

Example 51. Consider

C[$17$2,$3,$4] C[U,U,S,t]

~ e

(@423 +a3+a?) T (uww—st)

via the isomorphism v = x1 + @9, v = 1 — iTo, S = X3 + 1Ty, t = T3 — 1x4. S
is clearly not UFD, and so is R.

Example 52. Consider n > 5 and

_ Clwy,... 2] N Clu, v, x3,...,2Ty] _.g
@+ 22) T (wtad4.a2) T

Then u is prime since S/uS ~ % is a domain. Also S, & (Clu,x3, x4, x5))u

is a UFD, hence S is a UFD by Theorem 33 (2), and so is R.
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Chain Conditions

Definition. Let (S, <) be a partially ordered set. Then S satisfies:
(1) The ascending chain condition (ACC) if every ascending chain
S1 S S92 S ce

of elements in S stabilizes, i.e. there exists n € N such that s, = s,11 =
Sp42 = ...

(2) The descending chain condition (DCC) if every descending chain
t1 2t > ...

of elements in S stabilizes, i.e. there exists m € N such that ¢, = t;,41 =
bz = . . ..

1 Noetherian Rings

Definition. A ring R is Noetherian if the set of all ideals satisfies ACC with
respect to the inclusion. This means that every ascending chain of ideals has a
maximal element, i.e., if

LCLC---CLCLi1 S
is a chain of ascending ideals I;, then there exists n sufficiently large such that
In - In+1.

Proposition 36. The ring R is Noetherian if and only if every ideal in R is
finitely generated.

Proof. Assume R is Noetherian and let I be and ideal in R. Let f; € I. If
(f1) = I we are done. If not, choose fo € T\ (f1). If (f1,f2) = I then stop.
Incuctively, we have a chain,

(f1) € (f1,f2) € (f1, fo, f3) & -
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Since R is Noetherian, this chain stops and it can only stop when [ is generated
by these elements.
Conversely, if we have an ascending chain of ideals

LCLC---CLCLiy1 S,

let J = U, I;. This is an ideal, hence J = (fi,..., fn), and there exists an N
sufficiently large such that (f1,..., fn) C In. Therefore

JCINCInp &S
So Iy =Iny1. O
Example 53. Examples of Noetherian Rings:
(1) The integers Z.
(2) Any field.
(3) If k is a field, then k[z] is Noetherian.

Theorem 37 (Hilbert Basis Theorem). If R is a Noetherian ring, then R[z1, ..., xy)
s Noetherian.

Proof. By induction on n, it suffices to prove the case when n = 1 since
Rlx1,...,xy] = R[z1,...,Zn-1][zs]. We want to prove R[z] is Noetherian.
Let

f(z) =1+ 1Mz +rex 4+ -+ rpz”

be an element of R[z] such that r, # 0. Define in(f) = r,. If I C R[z] is an
ideal, then
in(I); = {in(f) | f € I, deg(f) <j}uU{0}.

Notice that in(I); is an ideal in R: take a € in(I); and r € R, then if ra =0
clearly ra € in(I);. If ra # 0 then we have

az' + lower degree terms
is an element of I, with ¢ < j, therefore
(ra)x’ + lower degree terms € I,

which means ra € in(I);. To prove that € I; is closed under the sum pick
a,b € in(I);, then there exist

f(z) =ax'+... g(x) =ba* + ...
with k& < i < j without loss of generality. Then a+ b = in(f 4+ 2'~*g) which has
degree 1 < j.
Now let I C R[z] be an ideal. Notice:

in([)o g IH(I)l Q 1n(I)2 g PN
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is an ascending chain of ideals in R, which is Noetherian by assumption. There-
fore there exists N € N such that

iH(I)N :iH(I)N+1 =...

Also in(I); is finitely generated for all 0 < j < N, hence choose generators
Tily s Tim; for € Ij, forall0 < 7 < N. Pick now .fji € I such that 1n(fﬂ) = Tjj-

C’lazm I: (f017"'7f0m07'"’le""7meN) = J

Proof of the Claim. Clearly J C I. Conversely assume by way of contradiction
that T # J. Then choose f € I of least degree such that f ¢ J. If deg f = k,
then in(f) € in(I),. There are two cases:

e k> N: under this assumption in(f) € in(I)y = (rn1, .-, "Nmy ). Write:
my
1n(f) = Z SITN1
=1
with s; € R and consider

mn
g:=f- Z sz N fui.

=1

This polynomial has coefficient zero in degree k, since

mn mN
1n(f) = Z SITN] = IH(Z SlekiNle).
=1 =1

By minimality in the choice of f we have g € J, therefore:

mn
f=g+> sia" Nfx e
1=

which is a contradiction. Therefore I = J in this case.

e If k < N proceed as in the previous case: pick f of least degree such that
f €I~ J and write

m(f) = Z SITkl-
=1

k

Again cancel the leading term of f, which is in(f)z", using fr1,. .., fim,:

mi
gi=f=> sifuel

=1

and therefore f inJ, contradiction. Hence again I = J.
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So I is finitely generated and R[z] is Noetherian. O

Remark. If R is Noetherian and I C R is an ideal, then R/I is Noetherian.

Remark. If R is Noetherian and W is multiplicatively closed, then Ry is Noethe-
rian.

Proof. Let J; C Jy C ... be an ascending chain of ideals in Ry . Then there
exists N € N such that Jy N R = Jy4+1 N R = ... which implies

Jn = (JN OR)RW = (JN+1 ﬂR)RW =JNt1=....

2 Noetherian Modules

Definition. Let R be a ring and let M be a R-module. The following are
equivalent:

(1) Every submodule of M is finitely generated.
(2) M satisfies ACC on submodules.

(3) Any ordered set of submodules has a maximal element with respect to
containment.

Such a module M is said to be Noetherian.
Proof. The proof is the same as the one given for ideals. O

Proposition 38. (1) If N C M is a submodule and M is Noetherian, then
M/N is Noetherian.

(2) If N C M is a submodule and both N and M /N are Noetherian, then M
is Noetherian.

Proof. (1) Immediate from the definition and the 1-1 correspondence:

{K/N C M/N submodule} & {N C K C M submodule}.
(2) Suppose we have an ascending chain of submodules of M:
M; C M, C ...
Then consider:
MiNnNCMNNC...CN

and
M1—|—NC My + N

N — N

By assumption there exists n € N such that
My, +N My + N
N N

C...C M/N.

MnmN:Mn+1mN and
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Claim. M, = M, 11.

Proof of the Claim. It is enough to show that if z € M,,; 1, then € M,,. Notice
that z + N € M"R}*'N = M’}V*N, hence there exists y € M, such that

x4+ N=y+ N.
Therefore x —y € N and z —y € M, 11, and so:
r—y e M,p1NN=M,NN.
Finally, since y € M,, and x —y € M,:
r=y+ (r—y) € M,.
O

Proposition 39. Let R be a Noetherian ring and let M be a R-module. The
following are equivalent:

(1) M is Noetherian.

(2) M is finitely generated.

Proof. (1) = (2) Since M is Noetherian every submodule, in particular M itself,
is finitely generated.
(2) = (1) Let M =< z1,...,z, > and consider the map:

f:R"—= M
€; — IT;
where < eq,...,e, > is the standard basis of R". R is a Noetherian, so is
a Noetherian R-module. Therefore R™ is Noetherian and R"/ker f ~ M is
Noetherian too. ]

Remark 1. If M is Noetherian, then R/ann(M) is Noetherian.

Proposition 40. Let M be a Noetherian R-module and let f : M — M be a
surjective homomorphism. Then f is an isomorphism.

Proof. Let f:= fo fo...of the composition of f with itself n times. Note
that f™ is surjective for all n and moreover:

ker f Cker f2C ... Cker f* C...C M.
Since M is Noetherian there exists n € N such that
ker f = ker f"*1.

Let now x € ker f. Since f™ is surjective there exists y € M such that z = f™(y).
Apply f to get
0= f(z) = f""(y)
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and hence y € ker f"*t! = ker . This means:

0=/f"(y) ==,
i.e. f is injective and so it is an isomorphism. O

Remark 2. This is no longer true if we switch surjective and injective in Propo-
sition 40. For instance consider:

7. — 7.
1——=2

which is injective but not surjective.

3 Artinian Rings

Definition. If the set of ideals in a ring R satisfies DCC then R is said to be
Artinian.

Example 54. (1) Fields are Artinian.
(2) Any finite ring, e.g. Z/nZ is Artinian.

(3) Let k be a field and
R = /ﬂ[l‘h ces ,xn]/I

be a quotient such that dimy < oco. Then R is Artinian.

(4) Let k be a field and k& C R be a subring of M, (k) the n x n matrices with
coefficients in k. Then R is Artinian since dimy R < oo.

Remark 3. If R is Artinian, then it is Noetherian. However the converse is not
true, for instance R = k[z] is Noetherian but

R2 ()2 2...

is a descending chain which does not stabilize.
Remark 4. If Ry, Ry are Artinian then Ry X Ry is Artinian.

Proposition 41. if R is Artinian, then every prime is mazximal and there are
only finitely many maximal ideals.

Proof. Let p € Spec(R) and pass to R/p. Relabel it as R so that without loss
of generality we can assume that R is a domain and we have to prove that it is
in fact a field. Assume not and pick z € R, x # 0 which is not a unit. Then
consider

RO (z)2(z*)D...

that has to stabilize since R is Artinian. So there is n € N such that (z") =
(x"T1). So there exists a € R such that 2" = a2™! and, since R is a domain,
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we can cancel 2™ and get 1 = ax, i.e. z is a unit. This is a contradiction,
therefore R is a field and p is maximal.
Assume now that there are infinitely many distinct maximal ideals in R, say
{m;}22,. Consider:
my 2O (m1 ﬂmg) ) (m1 ﬂmgﬂm;g) ..
Again since R is Artinian there exists k£ € N such that
(mpNmeN...NmE) =M NmgN...N ML NMg4q).

But this means (m; Nme N ... Nmg) C mgy; and therefore, since they are

maximal (prime was enough) there exists ¢ € {1,...,k} such that m; C my1,
contradicting the maximality of m;. Hence there are just finitely many maximal
ideals in R. O

Theorem 42. Let R be a ring. The following facts are equivalent:
(1) R is Artinian.

(2) R is Noetherian and there exist only finitely many prime ideals, and all of
them are mazximal.

Proof. (1) = (2) By Proposition 41 we only need to show that R is Noetherian.
List all the maximal ideals my,..., m,.
Claim. There exists k € N such that (m;...m,)*¥ = 0.

Proof of the Claim. Set I = my...m,, then
IDPPDPD...DIF=1""
for some k since R is Artinian. Assume I* # 0 and consider:
A:={JCR:JI* #0}.

Note that I € A, so A # (). Therefore there exists a minimal element .J, and
this has to be a principal ideal, otherwise there exists 2 € J such that zI* # 0
(this is because JI* # 0) and so (z)I* # 0 and (x) C J. So set J = (z). Notice
that
(xD)I* = zI* = 21" #0

sozl € A and I C (z) = J. By minimality it has to be I = (z) and since
I=mp...m, CmyN...Nm, = Jac(R) it has to be x = 0 by NAK. This is a
contradiction, hence I* = (m; ... m,)* = 0.

By Chinese Remainder Theorem we have:

R=——"——~ .

(my...m,)* — mk mk
R is Artinian, hence each R/mk is Artinian, and if each R/m¥ is Noetherian,
then so is R. So assume R = R/m” for some maximal ideal m, so that we
reduced to the case in which there is only one maximal ideal, and its k-th power
is zero. To prove that R is Noetherian induct on the least k such that m* = 0:
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e If k=1 then m =0 and R is a field, and hence Noetherian.

e If k > 1 then by induction R/m”*~! is Noetherian. Note that ann(mF~1) =
m, so that m*~! is a R/m-module, i.e. a vector space. Now any vector
subspace of m*~! is an ideal in R, so that dimp/m mF~! < oo, since R is

Artinian, so DCC is satisfied on ideals. Hence m¥~! is a Noetherian R-

module and since both R/m*~! and m*~! are Noetherian, R is Noetherian
too.
(2) = (1) Let mq,...,m, be the maximal ideals in R. These are all the primes
in R, so

(0) =myN...my,,
so, since R is Noetherian, there exists N >> 0 such that (m;...m,)Y = 0. By

Chinese Remainder Theorem

Re —— x ... —
N TN
ml my,

A product of Artinian rings is artininan, so it is enough to show that R/m%"
is Artinian for some ring R with a unique maximal ideal m such that m" = 0.
Induct on N:

e If N =1 then R is a field, and hence Artinian.

e If N > 1 by induction R/m¥~! is Artinian. Also m¥~! is a R/m-vector
space of finite dimension, since R is Noetherian. Let

RO DLD...

be a descending chain of ideals. Then going modulo m~~!:

R L4+mN 1 L 4+mMN1
> > o
N1 N1 N1

must stabilize, and also

RﬂmN_l D) .[1 ﬂmN_l D) IQ ﬂmN_l D...
must stabilize because m¥ ! is a finite dimensional vector space. There-
fore there exists M >> 0 such that

N-1 N-1

IM+mN’1:IM+1+m and IMﬂmN’lleHﬂm
This implies Ip; € Ips1 +m¥ 1 and so:
Ing C InN(Ingr+m™ =) = L+ (I =) = Ly +(Iyeimm™ 1) € Tngg,

which means Iy = Ipr4+1 and the chain stabilizes.
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Definition. A R-module M is said to be Artinian if it satisfies DCC on sub-
modules.

Remark 5. R is Artinian as a ring if and only if R is Artinian as a module over
itself.

Remark 6. If N C M is a submodule, then M is Artinian if and only if N and
M/N are Artinian.
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Primary Decomposition

1 Definitions and Examples
Definition. An ideal I C R is said to be irreducible if
I=JNK =J=1 or K=1.
Definition. An ideal q¢ C R is said to be primary if whenever xy € q and
x ¢ /4, it has to be y € q.

Example 55. In Z we have (m) N (n) = (lem(m,n)), hence an ideal (k) is
irreducible if and only if & # lem(m,n) unless k = m or k = n. This is
equivalent to require that k = p' for some p € Z prime and some integer [.
Primary ideals in Z are also of this form. In fact if ¢ = (p') and 2y € q, then
p'lzy. Assume z ¢ \/q = (p), then p Jz and hence p'|y, that is y € q.

Remark 7. If ¢ C R = 7Z, then
q primary <= ¢ irreducible <= q= (pl) for some p prime and some [ € N.

Proposition 43 (Noether). If R is a Noetherian ring and q C R is irreducible,
then q is primary.

Proof. Suppose not, and let ab € q such that a ¢ \/q and b ¢ q. Notice that it
has to be a™ ¢ g for all n > 0. For n € N consider:

q:a”={reR:ra" €q}
and notice that

4C(@:a)C(g:a®) ...

Since R is Noetherian the chain stabilizes, i.e. there exists k € N such that
(q:a%) = (q:a"")
Claim. q = (q: a*)N(q+ Ra*) and furthermore q # (q : a*) and q # (q+ Ra*).
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Proof of the Claim. Clearly q C (q: a*)N(q+ Ra*). Let r € (q : a*)N(q+ Ra*),
then r = ¢ + da”, with ¢ € g and d € R. Also
a®(c+da®) = ra* € q,

therefore da®* € q, i.e. d € (q: a®*) = (q : a¥). Finally da* € g and hence
r=c+dd* €q.

Furthermore q # q : a* since ba* = (ba)a*~1 € q, hence b € ((q : a*) \ q) and
also a® € (Ra* \ q) C ((q + Ra*) \ q).

O

Remark 8. The converse of Proposition 43 is not true. For instance in k[z,y]
the ideal (x,)? = (22, 2y, y?) is primary (a justification is given later) but it is
not irreducible, in fact:
(z,9)? = (2%, y) N (2,57).
Proposition 44. Let R be a ring.
(1) If q is primary, then \/q = p is prime (we often say that q is p-primary).
(2) If \/q = m is mazimal,then q is m-primary.

Proof. (1) Suppose that ab € /q and a ¢ ,/q. There exists n >> 0 such that
a™b™ € q, but a™ ¢ q for all m > 1. Since q is primary it has to be b"™ € q, and
hence b € \/q, which is prime.

(2) Suppose ab € q and a ¢ m = ,/q. Then m+ Ra = (1), therefore there exists
r € R and m € m such that 1 = ra + m. Since m € m = ,/q there exists n € N
such that m™ € q, therefore:

1=1"=(m+ra)" =m" + sa

for some s € R. Finally
b=m"b+ sab € q

and so q is m-primary. O

Remark 9. The converse of Proposition 44 (1) is not true in general if \/q = p
is not maximal.

2 Primary Decomposition

Definition. Let R be a ring. An ideal I is said to have a primary decomposition
if we can write
I:qlﬂ...ﬂqn,

where each q; is primary.

In this section we prove that every Noetherian ring has a primary decompo-
sition. Such a decomposition is not unique:
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Example 56.
(2%, zy) = (x) N (2, 2y, y™) for all n > 2.
However it has some degree of uniqueness.

Theorem 45 (Noether). Let R be a Noetherian ring. Then every ideal I C R
has a primary decomposition.

Proof. Since irreducible ideals are primary it suffices to prove that every ideal
is a finite intersection of irreducible ideals. Let

A :={J C R:J is not an intersection of finitely many irreducible ideals}.

Suppose A # 0 and choose I € A maximal (this is possible since R is Noethe-
rian). I itself cannot be irreducible (since I € A), hence I = JNK with I C J
and I € K. Since I is maximal in A we have J ¢ A and K ¢ A. Therefore we
can write J and K as finite intersections of irreducible ideals, say J = JiN...NJ;
and K = K1 N...N K. But then:

I:JQK:Jlﬂ...ﬂJjﬂKlﬂ...ﬁKk

can be written as a finite intersection of irreducible ideals. This is a contradiction
since I € A, therefore A = () and every ideal I C R has a primary decomposition.
O

The main effort in this section from now on is to try to make the primary
decomposition as unique as possible.

Lemma 46. Let q; and q2 be p-primary tdeals. Then q1 N qq is p-primary.

Proof. Let ab € q1Nq2 and assume a ¢ /q; N q2. Since /q1 N g2 = /q1N/G2 =
p we have that a ¢ \/q; = /g2 = p. But they both are primary, therefore b € q;

and b € qqo, that is b € q1 N g2 and q; N g2 is p-primary. O
Definition. A primary decomposition I = q; N...Nq, is minimal if
(1) No one of the g;’s can be deleted, that is
ﬂ q; £ di
J#i
foralli=1,...,n.
(2) V@i # \/q; whenever i # j.

Remark 10. It follows immediately from Noether’s Theorem 45 and Lemma
46 that if R is Noetherian, then every ideal I C R has a minimal primary
decomposition.
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Theorem 47. Let R be a Noetherian ring, let I C R be an ideal and let I =
q1N...Ngq, be a minimal primary decomposition of I. Then the following facts
are equivalent for a prime p D I:

(1) p = /q; for some i.
(2) There exists © € R such that I : x = p.
(3) There exists an embedding R/p — R/I.

Proof. (1) = (2) Let p = /q; and let m > 1 be such that p™ C q;. Such m
exists since R is Noetherian. Set J:=q; N...Ng; N...Nq,. We have:

Jp™ C Jq; CJNq; =1

Choose N > 1 such that Jpv C I and JpN~! ¢ I. This N exists since the
decomposition is minimal, therefore J ¢ I, and it is finite since N < m. Choose
y € JpN =1\ q;. Notice that

I:y= ﬂqj :y:ﬂ(qj:y):RﬂRﬂ...ﬂ(qi:y)ﬁ...ﬂR:(qi:y)

J J

because y € JpN =1 C J C q; for all j # i. Also notice that yp C Jp~ C I by
definition of y, hence

pCl:y=gq;:y.

Finally, let z € q; : y, then zy € q;, with y ¢ q;. Since g, is primary there exists
n > 1 such that 2" € q;, which means z € /q; = p. Therefore q; : y C p and
this forces p =1 : y.

(2) = (3) Note that = ¢ I. Define:

p:R— R/I
=TT

Then ¢ is a R-homomorphism and ker ¢ = p, thus there is an induced monomor-
phism:
¢:R/p— R/I.

(3) = (1) Consider
YR R/I

such that kert = p. Set = ¢)(1) modulo I, then = ¢ I. Note that
Iiz=(q1:2)N...N0(qp : z) =P,
so that, using the fact that p is prime, there exists ¢ such that

g:xCp=(qr:2)N...N0(qn: ) Cq; : x,
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and clearly
\/qi:xgpgwqi:x.

This implies \/q; : © = p. As a consequence z ¢ q;, otherwise p = \/q; : ¢ = R,
which gives a contradiction. Then, let y € \/q; : @, so that there exists n > 1
such that zy™ € q;. But = ¢ q; and q; is primary. This implies (y™)™ € q; for
some m > 1, that is y € /q;. Finally, one always has \/q; C /q; : =, so that
VG T = \/CT,L =p. O

Corollary 2. Let R be a Noetherian ring and let I C R be an ideal. If I =
g N...Nq, =gy N...Nq., are minimal prime decompositions, then n = m

and, after re-indexing, \/q; = ﬁ foralli=1,...,n.
Proof. Let a:= {p:p is prime and p = I : z for some x € R}. Then

{mv"'vm}:a:{\/i""vm}

and they all are distinct. So it has to be n = m and /q; = /4] after re-
indexing. O

Definition. Let R be a Noetherian ring and let I C R be an ideal. Let
I =q1N...Ngq, be a minimal primary decomposition. Then the prime ideals
VA1, -5 1/qn are called associated primes to R/I and we denote

Ass(R/T) :={\/91,---,van}

Proposition 48. Let R be a Noetherian ring and let I C R be an ideal. Then
x € R is a zero divisor modulo I if and only if there exists p € Ass(R/I) such
that © € p. In other words

U p = {zero divisors modulo I}.
pEAss(R/I)

Proof. Suppose z € p for some p € Ass(R/I). Since p is associated there exists
r € R such that p = I : r. If x € I then it is zero modulo I. So suppose
x € RNI. Since x € p =1 : r, we have ro € I. Notice that r ¢ I since
I:r=p#(1), therefore x is a zero divisor modulo I.

Conversely assume r is a zero divisor modulo I. So there exists y ¢ I such that
ry €I =q1N...N¢q,. Since y ¢ I there exists q; such that y ¢ q,. Since
ry € I C q; it has to be r € /4, € Ass(R/I). O

Definition. Let R be a ring and let I C R be an ideal. A prime ideal p D I is
said to be a minimal prime of I if there is no prime ideal q such that

I'cqcp.
We denote the set of all minimal primes of I by Min(T).

Proposition 49. Let R be a Noetherian ring and let I C R be an ideal. Then
minimal primes of I exist and they are a finite number. In fact, every minimal
prime of I is an associated prime of R/I.
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Proof. Let I = q;N...Nq, be a minimal primary decomposition and let p; = |/q;
foralli = 1,...,n be the associated primes. Take p; minimal among {p1,...,p,}
(minimal in the sense that there is no p; such that p; C p;). Notice that in
general there might be more than one prime among pi,...,p, satisfying this
condition. In that case just pick one. Assume that p is a prime such that
I Cp Cyp;. Then

I=qNn...Nq, Cp

and, since p is prime, we get q; C p for some j. Also, taking radicals, we get
p; €p. Sop; Cp Cyp; and, by minimality of p;, it has to be p; = q = p;. This
proves that p; is a minimal prime of I, and therefore minimal primes of I exist.
Now take p O I a minimal prime of I. With the same argument we can show
that I C p; C p for some j, and hence p; = p by definition of minimal prime.
Therefore every minimal prime of I is an associated prime of R/I. In particular
this means that there are only finitely many minimal primes of I. O

Remark 11. Not every associated prime is a minimal prime. For instance:
I = (2%, 2y) = (x) N (z*,y) C klz,y] = R.
In this case Min(I) = {(z)} € Ass(R/I) = {(z), (z,v)}.

Proposition 50. Let R be a Noetherian ring and let I C R be an ideal. Let
I=q1N...N¢qy, be a minimal primary decomposition and suppose p; = \/q; is
a minimal prime of I. Then:

a=JU:s).

sEp;

Proof. Let r € (I : s) for some s ¢ p;. Then rs € I C q;, and therefore r € q;
because it is primary.

Conversely notice that [ i2i 9j Z y;, otherwise there would be q; C p; and hence
p; € p;. The decomposition is minimal, so the two primes cannot be equal, but
this would contradict the fact that p; is a minimal prime of I. So we can pick
5 €295~ Pi- Let x € g4, then s € (\;_, q; = I, which means z € (I : s)
for s ¢ p;. O

Corollary 3. Primary components whose radicals are minimal primes are in-
dependent of the primary decomposition.

Proof. If I =q1N...N¢q, is a minimal primary decomposition and p; = /g, is
a minimal prime of I, then by Proposition 50 we have

q; = U (I:5s).
s¢pi

In particular the right hand side is independent of the chosen decomposition,
and so is q;. O
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Theorem 51 (Yao). Let R be a Noetherian ring and let I C R be an ideal. Let
mnN...Ng,=I=qgiN...Nq,
be minimal primary decompositions, with \/q; = \/qii Then, for all1 <i<mn
I=qN...N0q_1Ng;Ngi1N...NQy
is still a minimal primary decomposition of 1.

Remark 12. We know from Chapter 1 that

Vi= [} »= (] ¥

P21 peMin(I)

p prime

Then this is the unique minimal primary decomposition of v/I.
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Integral Closure

1 Definitions and Notation

Definition. Let R C S be rings. An element s € S is integral over R if there
exists a monic polynomial f(t) € RJ[t] such that f(s) = 0. Trivially, if r € R,
then r is integral over R. We say that S is integral over R if every element of S
is integral over R.

Example 57. The irrational number /2 is integral over Z because it satisfies
the polynomial t? — 2.

Example 58. The rational number 1/2 is not integral over Z.

Example 59. If e is idempotent in S, then e is integral over R. That is, e is a
root of t2 —¢.

Definition. We say R is integrally closed in S if s € S integral over R implies
that s € R. The set of all elements of S integral over R is called the integral
closure of R in S. If R is a domain with fraction field K, then the integral
closure of R is the set of all elements in K that are integral over R. We say
that R is integrally closed if R is integrally closed in K.

Remark. If K C L are fields, then L is integral over K if and only if L is
algebraic over K.

Definition. For rings R C S, S is said to be module-finite over R if S is finitely
generated as an R-module. S is said to be finite as an R-algebra if there exists
$1,82,...,8, in S such that S = RJ[s1, 82, ..., 8]

Remark. If S is module-finite, then S is finite as an R-algebra, but not the
converse.

Example 60. Given a field k, the polynomial ring k[z] is finite as an algebra,
but not as a k-module
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Lemma 52. Let R C S C T be rings. Suppose S is module-finite over R and
T is module-finite over S, then T is module-finite over R.

Proof. Let T = St;+---+St, and S = Rs;+-- -+ Rs,,. Then T = Zi’j Rs;t;.
That is, the s;t;’s generate T. O

Theorem 53. Let R C S be rings. The following are equivalent:
(1) S is module-finite over R;
(2) S =R[s1,$2,...,8n], where s; € S and each one is integral over R;
(3) S is a finitely generated R-algebra and S is integral over R.

Proof. (3)= (2) Easy exercise.
(2)= (1) Induct on n. For n = 1, we have that S = R[s] and there exists a
monic polynomial p(¢) = ™ +rt™ ! +- .-+, with r; € R such that p(s) = 0.

Claim. S=R-1+R-s+---+R.-gm1

Proof of the Claim. Let the right hand side of the claim be defined as N. Clearly,
1,5,82,...,8™ 1 € S, so that N C S. Conversely, if w > m — 1, write

s = —(ris™ T b )
Hence if we multiply by s*~™ we get
sV = —(r 8T s,
Inductively we get s € N for all w € N. This proves the claim.

Forn > 1,let T = R[s1,...,8,—1] and S = T'[s,]. Notice that by induction,
T is module-finite over R and that S is module finite over T. Hence by lemma
52 S is module-finite over R.

(1)= (3): Write S=R-s1+ -+ R s, then S = R[s1,...,8,], s0 S is
a finitely generated R-algebra. To show S is integral over R, let u € S and
notice us; € S. So there exists equations us; = Z?Zl r;j5; where r;; € R for
i=1,2,...,n. This implies
n

(u . 51‘]‘ — ’I“ij) =0 (61)

=1

J
foralli=1,2,...,n. Let
u—Tn —Tij
A=

—Tj U= Tpn
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Then 6.1 can be written as

S1 0

S92 0
A =

Sn 0

Multiplication by the adjoint of A yields

S1 0
det(A) 0 5 0
0 det(A) s, 0

Hence det(A) - s; = 0 for all ¢. Thus det(A4)S = 0. In particular, det(A4) -1 = 0.
But if ¢ is a variable, and we let we let

t—rn —Tij
A =

_Tij t— Tnn

then det(A)(t) is a monic polynomial in ¢ with coefficients in R and det(A)(u) =
0. Hence u is integral over R. O

Corollary 54. Let R C S be rings and T be the integral closure of R in S.
Then RCT C S and T is a ring.

Proof. Let u,v € T, then u, v are integral over R. By (2) = (3) of theorem 53,
RJu,v] is integral over R, that is R[u,v] C T. Hence u - v and u + v are integral
over R. Thus T is a ring. O

2 Going-Up

Remark. If W is a multiplicatively closed set in R and R C S is an integral
extension, then so is Ry C Sw. (Just use the same equations for § € Sy .)
Moreover, in general, if s is integral over R and w € R, then ws in integral over
R since R[s] is integral over R. (You could also multiply the integral equation
for s by w™.)

Theorem 55 (Lying Over). Let R C S be an integral extension of rings, then
i* : Spec(S) — Spec(R) is surjective. ILe. for all q € Spec(R), there exists
Q € Spec(S) such that QN R = q.

Proof. Let q € Spec(R). Then R; — Sy is integral. Suppose we prove that
there exists @ € Spec(Sy) such that Q N Ry = qRq. Set Q' = Q NS € Spec(S)
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and compute

QNR=(QNS)NR
=QN(SNR)
=QNR
=(QNSy)NR
=QnN(SqNR).

But if s/t € SqN R (for s € S and t € R\ q), there exist r € R and u € R\ q
such that

us = utr € R.
Therefore s us

-=—€R,,

t ut 9

and this shows S N R = Ry N R. Hence

Q' NR=QN(SqNR)
=QN(R;NR)
—(QNRy)NR
=qRqNR
=4q

Let us change the notation: without loss of generality, (R, m) is local and
qg=m. R — S is integral. First suppose mS # S. Then there exists a prime
ideal ) in S such that mS C Q). But thenm CmSN R C QNR C R. Since m
is maximal, @ N R = m proving the theorem for this case.

If mS = S, write Z?zl ris; = 1 for r; € m and s; € S. By theorem 53,
B = RJ[s1,...,sy] is a finite R-module. Notice that we have mB = B. Hence
NAK implies that B = 0, a contradiction. O

Remark. Suppose R C S is an integral extension and J C S is an ideal. Then

the injection
R S

[ (% J—
JNR J
is an integral extension.

Theorem 56 (Going-Up). Let R C S be an integral extension of rings. Let
go € q1 C -+ C qy be a chain of primes in R. Let Qo € Spec(S) such that
Qo N R = qq. Then there exists a chain Qo C Q1 C --- C Q,, of primes in S
such that Q; N R =gq; fori=0,1,...,n.

Proof. By induction, it is enough to show there exists ()7 such that Q¢ C @1,
Q1NR =q1, QoNR = qo, and qo C q;. By the remark, R/qo < S/Qo is integral
and q1/q0 € Spec(R/qo). Lying over gives a prime @Q1/Qo € Spec(S/Qo) such
that Q1/Qo N R/q0 = q1/qo. Retracting back to S and R gives us the desired
result. O
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Theorem 57 (Incomparable). Let R C S be an integral extension of rings.
Suppose that Q, Q" € Spec(S) and that @ C Q. fQNR=Q'NR then Q = Q.

Proof. Consider R/Q N R C S/Q (still integral). Without loss of generality,
R C S are domains, Q' € Spec(S), @' N R = 0 and we want to prove @' = 0.
Let W = R — {0}. Then Ry C Sw is integral and Q'Sw is a proper prime
(since @ NW = ). We have reduced to: k C S is integral where k is a field
and S a domain, Q' Nk = 0. This implies Q' = 0.

Hence by the following lemma the theorem is proved. O

Lemma 58. Let R C S be an integral extension of domains. Then S is a field
if and only if R is a field.

Proof. Assume that R is a field and let u € S, u # 0. There exists an equation
of least degree u™ 4+ ayu™ '+ --- 4+, = 0, oy € R. By choice of n, a,, # 0.
Hence u(u™ "'+ 4+ a,_1) = —a, € R and u is a unit in S.

Now assume that S is a field and let u € R, u # 0. Since S is a field,
u~! € S. Since S is integral over R, there exists an equation

(u—l)n + Tl(u—l)"—l +-i4+r,=0

for r; € R. Multiplication by u™ and solving for 1 shows that the inverse of u is
an element of R. O

Definition. The Krull dimension of a ring R, denoted dim R, is the supremum
on n of the set of chains

PoCP1 &SP

where p; € Spec(R).

Example 61. (1) If k is a field, dimk = 0.
(2) dimZ = 1.
(3) If k is a field, dim k[z] = 1.

Theorem 59. Let R C S be an integral extension of rings. Then @ € Spec(S)
is mazximal if and only if @ N R = q is maximal in R.

Proof. Notice that R/Q N R C S/Q is an integral extension of domains. The
rest follows for lemma 58. O

Example 62. The polynomial ring S = k[x,y, z] where k is a field is integral
over R = k[z3,1y°,29).

Proof. Consider the following, polynomials: 3 — a3, t> —y° t9 — 2% € R[t]. Use
theorem 53 so say that S is integral over R. O

Theorem 60. Let R C S be an integral extension of rings, then dim R = dim S
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Proof. Let Py C P € --- C P, be a chain in R. By lying over, there exists Qg
over Py and by going up, there exists

Qo - Q1 c---C Qn
PO Q Pl ,C,_,C,_ Pn

and all the Q;’s are distinct. Hence dim R < dim S.

Conversely,
Qo G @1 - @n € Spec(S)
QoNR - QiNR -G QnNR
where the Q; N R are distinct by incomparability. Thus dim R > dim S. O

Example 63. (1) If Ris an Artinian ring, then dim R = 0 (since every prime
is maximal).

(2) Consider the extension Z C Z[i]. Since Z[i] is integral over Z, dim Z[i] = 1.

Remark. If R is Noetherian and dim R = 0, then R is Artinian.

3 Normalization and Nullstellensatz

Theorem 61 (Neother Normalization Lemma). Let k be a field and S a finitely
generated k-algebra. Then there exists y1,ys, - .., yq in S which are algebraically
independent over k such that S is integral (even module-finite) over the subring

Elyi,y2,--.,ya) = RCS.

Definition. For k a field and S a ring such that £ C S, y1,y2,...,y4 € S are al-
gebraically independent over k if for any non-zero polynomial p(Ty,T5,...,Ty) €
k[Tlv T27 v 7Td]7 p(yla Yz, ... 7yd) 7& 0. EquivalentIY7 k[yla Y2,... 7yd] is isomor-
phiC to ]{Z[T17T27 PN ,Td].

Example 64. Let k be a field and S = k[t?,t3] ~ k[z,y]/(y* — ). We have
that t2 is algebraically independent over k, so let R = k[t?], i.e. a polynomial
ring in one variable. Notice that (t3)2 — (#2)® = 0. For p(T) = T? — 5 € R[T],
p(t3) = 0. Thus S is integral over R.
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Lemma 62. Let k be a field and f(x1,...,2,) € k[z1,...,2,]). Then for all N
sufficiently large, there exists a change of variables,

such that when we write f(xy1,...,2,) = g(z},...,2}),

/ ! /)L—l

g(xllv"'vxn) = a(xn)L+(a:n ,

gr(@hs sy ) e gn (@)

where o £ 0, o € k and g1,92,...,91 € k[z], ...,z _4].

n—1

Proof. Write f =3 .; Aaz® where a = (aq,...,a,) € N*, |I| < 00, Ay € k,
Ao # 0, 2% = 27252 - 28", Choose N > maxyer{a;}. Rewrite f using the
change of variable (notice that k[x1,...,z,] = k[z],...,2}]). So

1 —2
F=3 dal@h + ) e+ 2 g (@ + ) gl
acl

We have to rewrite as a polynomial in x,,. The highest degree contribution from
the a-monomial is x’])‘len_lJra"Nn_u"*a”. Since N > a; for all o; appearing,
if L =a1N" '+ a,N" 2+ ...+ ay, then this is the base N expansion of L.
This is unique. Hence f becomes monic up to a non-zero element of k£ as no

cancellation occurs. O

Example 65. Let f(z1,x9,23,24) = 124 — oxg and x4 = 2, + 1. Keep
r1, T2, x3 fixed. Then

1, %2, 3, 24) = T1(T) + 1) — Tox3 = ] + TYT) — T223
fxy, w0, 3, 24) = 21 (2 + 21) — Tow3 = T3 + Tha) — To

Proof of Noether Normalization Lemma; Theorem 61. We can write S = k[t1,...,tn].
Induct on n. If n = 0 there is nothing to prove. Assume that n > 0.
Case 1. tq,...,t, are algebraically independent over k.
If this is the case, then take y; = t;, then R = S.
Case 2. There exists a non-zero polynomial f(z1,...,z,) € k[z1,...,2,] such

that f(t1,...,t,) = 0. With out loss of generality, using the lemma, we can
assume that

F=th e th g (b, b1+ 9ot tn).

Then we have an integral extension

integral

kgk[tla“-atn—l] c k‘[ﬁ,,tn]zs
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By induction, there exists y1,...,yq € k[t1,...,tn—1]. algebraically independent
over k such that

integral integral

k[ylv"'7yd] g k[t17~'-;tn—1] g

Therefore S is integral over k[yi, ..., yd]-

Example 66. Let k be a field and consider the ring k[x, y, u, v] such that

(x) (u U)_<a?u mv) and det <wu xv) =0
y yu  yv yu  yv

If S = k[zu, zv, yu, yv], find a polynomial subring over which S is integral.
Let f(x1,xo,x3,24) = x124 — xox3. Then f(zu,yu,xzv,yv) = 0. If we let
xly = x4 — 21 as in example 65, then

flx1, 22,23, 24) = CB% + 2hxy — xox3 = g(T1, T2, T3, Ty)

and g(zu, yu, zv,yv) = 0. Since g is monic in 1, zu is integral over the polyno-
mial ring k[yu, zv, yv—au] C S and yu, xv, yv—zu are algebraically independent.

Corollary 63. Let K and L be fields, L a finitely generated K-algebra. Then
L is algebraic over K. In particular, if K = K (the algebraic closure of K ),
then L = K.

Proof. By the normalization lemma, there exists y1,...,yq algebraically inde-
pendent over K such that Klyi,...,yq] C L is integral. Since L is a field, we
must have K[yi,...,yq] is a field. Hence d = 0 and L is algebraic over K. [

Theorem 64. Let S = k[t1,...,t,] be a finitely generated k-algebra, and let m
be a maximal ideal of S. Then there exists a canonical embedding k — S/m = L
and L is algebraic over k.

Proof. There exists a map

kC—>5— > S/m.
[

Since k is a field and ¢ # 0, ker(¢) = 0. But L = k[t1,...,t,], & = t; + m.
Apply the corollary to finish the proof. O

Corollary 65. Let k be an algebraically closed field, R = k[x1,...,2,]. Then
every mazimal ideal m of R has the form:

m=(x; — a1, T2 — Q2,...,Tn — Q)

where a; € k. Conversely, all such ideals are mazximal.
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Proof. Let a = (aq,...,a,) and ¢, : klz1,...,2,] — k be the evaluation
map f(x1,...,2,) = f(a1,...,a,). This is a surjective ring homomorphism
so R/ker(¢n) ~ k; ie. my = ker(dy) is maximal. Clearly (1 — a1,22 —
g, ..., Ty — Qp) € m,. By the Taylor expansion,

flxr,.. o xn) = flaa, ... an) + Z(xl — ;) 8:5 () + other terms in (x; — ;)

0
Hence f(z) = f(«) (mod (1 — 1,29 — @, ..., Ty — qy)). So all said ideals are
maximal.
Let m be maximal in R. By theorem 64 the map k = k < R/m implies that
k = R/m. Hence there exists o; € k where a; — x; + mforalli =1,...,n. Le.
a;+m = z;+m, thus z; — a; € m. Therefore (x1 — a1, T2 — o, ..., Ty —a,) Cm
and by above we have equality. O

Theorem 66 (Hilbert’s Nullstellensatz). Let k be a field, R = klz1,...,zy],
and I an ideal of R. Then
Vi (m

m>2J

where m are maximal ideals in R.

Proof. First reduce to the case k is algebraically closed. Let k be the alge-
braic closure of k. We now have an integral extension R = k[x1,...,2,] C

klz1,...,2,] = S. Suppose we prove the theorem for S. Then for all I C R,

VIS= () n

n2oIS

where n is maximal in S. Hence

VISNR=(()wnR= () nR)=[|m

nJIS noIS m2I

where m is maximal in R. And since v I.S = (p for p € Spec(S) containing 1.5,

by going up
VISNR= () pnR=)p=VT

p21IS p21

Hence without loss of generality, k = k. Let f € ﬂmg ; m for m maximal in
R. Suppose f ¢ v/T and consider R[y] = k[z1,...,Tn,¥].

Claim. (V1,yf —1) = Rly].

If not, then (v/I,yf—1) C m for m maximal in R[y], i.e. m = (x1—a, ..., zy—
an,y — ). Hence I C (21 — o, ..., xp — ay) and Bf(ay,...,a) —1 =0. But
by assumption, f € (z1 — «, ...,z, — ayp), and thus f(ag,...,a,) = 0. A
contradiction.

Now write

1= Z hi(z,y)gi(z) + Uz, y)(xf — 1)
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where g;(z) € VI. Substitute y with 1/f to get 1 = 3 h(x,1/f)gi(z). Hence
for N > 0 we have that

=3 Vil 1/ Paile) € VT

That is, f € V1.

4 Going-Down

Proposition 67. Let A C B be rings and C the integral closure of A in B. If
S C A is multiplicatively closed, then Cg is the integral closure of Ag in Bg.

Proof. Clearly , Cs is in the integral closure of Ag in Bg. Conversely, for any
x/s € Bg which is integral over Ag we have

T\"* ai fx\"! a
(,) +71(7) +...+7":().
s s \s s

This gives the following equality,

x"+a1x”’1+~~+an3”*1

on =0 € Bg.
Thus there is a t € S such that t" (2" +a12" '+ +a,s""!) =0 in B. That
is, tx is integral over A, i.e. tx € C. Hence T = % € Cs. O

Recall. As defined on page 55, an integral domain is called integrally closed if
it is integrally closed in the fraction field.

Proposition 68. Let A be a domain. The following are equivalent:
(1) A is integrally closed;
(2) A, is integrally closed for all primes p in A;
(3) Aw is integrally closed for all mazimal m in A.

Proof. Let K be the fraction field of A, and let C be the integral closure of
Ain K. Let f: A < C be the inclusion map. But f is an isomorphism
iff f, is an isomorphism for all p € Spec(A) iff fi is an isomorphism for all
m € Spec(A). O

Remark. Let A C B be rings and A C C C B. Then C is the integral closure
of A in B if and only if the statement is true locally.

Definition. Let A C B be rings and I an ideal of A. Then we say « € B is
integral over I if x satisfies

" +ax" M+ ta, =0

with a; € I.
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Lemma 69. Let A C C C B, A, B be rings, C the integral closure of A in B,
and I an ideal of A. Then the integral closure over I in B is VIC.

Proof. Choose = € B integral over I. Then 2" + a12" ! + --- 4+ ag = 0 where
a; € I and thus
2" = —(az" "t -4 ag) € IC.

e x € \/ﬁ

Now choose z € VIC. Then z" = Z:’;l a;x; with a; € I, ©; € C. Let
M = Alzy,...,2y,]. Then M is finite as an A-module, M is faithful, and
2™ € M C IM. Therefore 2" (and even more so z) is integral over I by Cayley
Hamilton. O

Proposition 70. Let A C B be domains, A integrally closed in its fraction field
k, I an ideal of A and x € B integral over I. Let

f@) =t"+aP 4+t a, € K[t]
be the minimal polynomial of x over k. Then a; € V1.

Proof. First, x satisfies g(z) = 0 where g(t) = t"™ + byt™ 1 + - + b, € At],
b; € I. This implies that f(¢)|g(t). Next choose a field such that B C L and
ft) =@t —x1)({t —x2) - (t — x,). Since f divides g, g(x;) = 0 for all i. Hence
each z; is integral over I and thus all a; € k are integral over I. That is, a; € /T
by the previous lemma. O

Lemma 71 ([1], prop 3.16). Let A — B be a ring homomorphism and let p be
a prime ideal of A. Then p is the contraction of a prime ideal of B if and only

fpc=p.

Proof. If p = q¢ then p© = p. Conversely, if p¢© = p, let S be the image of A\ p
in B. Then p° does not meet S, therefore its extension in S~! B is a proper ideal
and hence is contained in a maximal ideal m of S™!B. If q is the contraction
of m in B, then q is prime, g 2 p¢ and qN S = () (since gS~ !B =m C S71B).
Hence q¢ = p. O

Theorem 72 (Going-Down). Let A C B be domains, A integrally closed, and
B integral over A. Given a chain of primes p1 2 p2 2 -+ D p, in A and a
chain of primes Q1 2 Q2 O -+ 2 Q in B such that m < n and Q;NA = p; for
i=1,2,...,m, then the chain of primes in B can be extended to Q1 2 ... 2 Qyp
such that Q; N A =p; fori=1,2,....n

Proof. 1t is enough to show when n = 2 and m = 1. Further, by lemma 71 we
only need to show paBg, N A = ps.

It is easy to see that ppBg, N A D py. Conversely, for x € paBg,, v = £
where y € poB and s € B — ;. By lemma 69 we have that y is integral over
pa. Thus by prop 70 the minimal polynomial of y over K (f.f. of A) is

fO)=t"+a '+ +a, € K[t
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with a; € \/p2 = p2. Since y = sz, f(sx) = 0. Thus s satisfies g(t) = 0 where
g(t) = f(tx). Let

1
h(t) = x—ng(t) =" ot" 4y

h(s) = 0 and s = 1y. This implies that h(t) is the minimal polynomial of s
over K. Hence v; € A by previous prop (I = (1)). But v; = a;/2". Hence
iy = a; € po. If x ¢ po then v; € po implies that s is integral over py. Hence
s € vp2B C /Q1 = Q1. A contradiction. So = € py and we have equality. [

Theorem 73 (Dimeunsion of Finitely Generated k-algebras). Let R be a finitely
generated k-algebra (k a field). Let R be integral over a subring kl[y1,...,Yn], Yi
algebraically independent over k. Then

(1) every chain of primes in R has length less than or equal to n. In particular,

dim(R) < n;
(2) if R is a domain, then every saturated chain of primes has length n;
(3) in particular, dim(k[yy, ..., yn]) = n. So dim(R) = n.

Recall. Polynomial rings are UFD’s; every polynomial f € k[xy,za,...,2,] is
uniquely (up to order and units) a product fi"* f3?--- fi*, where f; are irre-
ducible polynomials. In particular, if f is irreducible and f|g-h then f|g or f|h.
Le. (f) is a prime ideal. Consequently, if R is a polynomial ring and @ is a

prime minimal over (0), but @ # (0), then @ = (f).

Lemma 74. Suppose R = klx1,...,2,], f € R and f # 0. Then R/(f) is

integral over a polynomial ring in n — 1 variables.

Proof. Use a change of variables (lemma 62) so that with out loss of generality,
f= 3351 + 3551_191(%, cosTpo1) Fo g, Tpm).

Then R/(f) is integral over k[Z1,...,Tn_1] € R/(f); Ti; = z; + (f). To show
there are no relations on the Z;, we need to show there does not exist a non
zero g € R in n — 1 variables such that ¢(771,...,7T,-1) # 0 in R/(f). But
9(T1,.. ., Tn-1) = g(x1,...,Tpn_1). So the above holds if and only if g # 0 such
that f|g in k[z1,...,2,]. But for all h € R, f-h always has an x!, term. Hence
such a g does not exist. O

Proof of Theorem 73. (1): Induct on n. Counsider a chain of primes

QoC Q1S CQn

in R. By incomparability (theorem 57), there is a chain of primes



5 Examples 67

in k[zy1,...,z,] where q; = Q; N k[z1,...,z,]. With out loss of generality,
we can assume (o = 0. Further, there exists a non zero element g € q;. If
g = g7 ---g¢", g; irreducible, then (0) # (g;) € qi for some 7. Thus we may
also assume that q; = (g) for some irreducible element g.
By the lemma, k[x1,...,2,]/(g) is integral over a polynomial ring in n — 1
variables. Since
O=aqi/q S a2/ & S dm/d

is chain of primes in k[z1,...,2,]/(g), by induction m —1 < n — 1. Hence
m < n.
(2): Again, induct on n. Consider a saturated chain of primes

QuC QL C--CQn

in R. By (1), m < n. As before, if we contracting to A = k[z1,...,x,], we get
a chain of primes
qogqlg"'gqm

in k[z1,...,2,] where q; = Q; N A. Because k[z1,...,z,] is integrally closed,
going-down holds on A C R.

Therefore there does not exist a prime p in A between (0) and qy. (This
would not allow our original chain to be saturated.) As above, let q1 = (f)
for some irreducible f € A. Then, by the above lemma, we have the following
integral extensions:

k‘[zl,...,Zn_l] g k[ml,,xn]/(f) Q R/Ql

where z; are indeterminants over k. By induction, every saturated chain of
primes in R/@Q; has length n — 1. This applies to

0=01/Q1 S Q2/Q1C - C Qun/Q1.

Hence n — 1 = m — 1, that is, n = m.
(3): Combine (1) and (2). O

5 Examples

Example 67. Let R = k[z,y, z]/(x2) N (y, z). The minimal primes of R are xR
and (y, z)R. Notice that

R/xR ~ k[z,y,z]/(z) ~ K[y, 2].
So saturated chains of primes ending in xR will have length 2. Also,
R/(y, 2)R ~ k[z,y, 2]/ (y, ) ~ k[z].
So saturated chains of primes ending (y, z) R have length 1.

Example 68. Let R = k[z3,9°, 23 2%y, 222, 2yz]. Notice that R is integral
over k[z,y, z], so dim(R) = 3.
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Example 69. Let R = k[z,y, z,xt,yt, zt]. Notice that the extension R C
klx,y, z,t] is not integral (there is not integral relation for ¢). By Noether’s nor-
malization lemma (theorem 61), there exists an integral extension k[y1, ..., y4] C
R where the y;’s are algebraically independent over k. Let L = k(y1,...,yq)
and Q(R) be the quotient field of R. Since Q(R) is algebraic over L (check
this), y1,...,yq form a transcendence basis for Q(R). Since all transcendence
basis’ have the same cardinality, if we can find a transcendence basis for Q(R),
we can determine the dimension of R. (For more on transcendence basis’, see
appendix Al in [2])

Notice that Q(R) = k(z,y, 2,t). Since x,y, z,t are algebraically independent
over k, the elements for a transcendence basis and thus dim(R) = 4.

Example 70. Let R = k[zs,ys, zs, xt, yt, zt]. Again, k[x,y, z, s,t] is not inte-
gral over k. So consider Q(R) = k(zs,ys, zs,). So dim(R) = 4.

Example 71. Let R = k[2%y,y?2,xz]. Notice that

@) s @6 s @20
¥ NCSE BT R

Since these are algebraically independent elements of Q(R) and the dimension
is bounded by 3, dim(R) = 3.

Proposition 75. Let A C B be rings and b € B. The following are equivalent:
(1) b is integral over A;
(2) the image of b in B/ P is integral over A/(P N A) for all P in Spec(B);

(3) the image of b in B/P is integral over A/(P N A) for all P in Spec(B)
minimal over (0).

Proof. (1) = (2) = (3) is clear. For (3) = (1), assume b is not integral over A.
Let W = {f(b) | f € A[T], f monic}. W is multiplicatively closed and 0 is not
in W by assumption. Hence there exists a prime ideal ) € Spec(B) such that
QNW = (. Hence there exists a minimal prime P € Spec(B) such that P does
not meet W. Then in B/P, b is not integral over A/P N A since f(b) # 0 for
all monic f € (A/PNA)I[T]. O



Chapter 7

Krull’s Theorems and
Dedekind Domains

1 Krull’s Theorems

Definition. Let R be a ring, p € Spec(R). Then the height of p, denoted ht(p),

1S:
SUP{nGNiapogpl§~~~§Pnzp}~

Note that ht(p) = dim R/p.

Theorem 76. Let k be a field and let R be a finitely generated k-algebra. As-
sume R is a domain, then

ht(p) + dim R/p = dim R
for all p € Spec(R).

Proof. Set n = dim R. We proved that all saturated chains of primes have
length n. Set s = dim R/p and let

ps
p

be a saturated chain in R/p. Set t = ht(p) and let

cMc. ¢
p

- |

O=qoC 1 &C...Caq=p

be saturated. Then:

is saturated of length s + ¢, and hence s+t = n. O
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Example 1. Consider the map

© : kla, b, ¢, d] - E[z?y?, y3ulvd, zyuv, 23ySuv?).

Then ker ¢ = p is prime. What is dim k[a, b, ¢, d],? By Theorem 76 we have

dimkla, b, ¢, d], = ht(p) = dim k[a, b, ¢, d] — =4-2=

p

Theorem 77 (Krull’s Intersection Theorem). Let R be a Noetherian ring and
let I C R be an ideal. Then there exists i € I such that

1—i) () I"=o.

n>1

In particular, if either I C Jac(R) or R is a domain,

ﬂl”:o.

n>1

Proof. Set J :=(),~, I". We have that JI = J, in fact let JI = q;N...Nq, be
a primary decomposition. It is enough to show that J C q; for alli = 1,...,n.
There are two cases: if I C /q;, then IV C q; for N >> 0 and hence J C
IN C q;. Instead, if I ¢ /i, we have J C q; since g, is primary. Therefore we
conclude by NAK. O

Definition. If p € Spec(R) is prime, then
p™ :=p"R,NR

is the p-primary component of p™ and it is called n-th symbolic power of p. In
terms of the primary decomposition it is

P =p™ g, N...Nqi,

where p C /i

Theorem 78 (Krull’s Principal Ideal Theorem and Height Theorem). Let R
be a Noetherian ring. Then:

(1) If p is a minimal prime over a principal ideal (x), then ht(p) < 1.
(2) If p is minimal over an ideal (x1,...,x,), then ht(p) < n.

Proof. (1) Assume p is minimal over (z) but ht(p) > 2. Replace R with R,, so
that without loss of generality we can assume p = m the maximal ideal of a local
ring R. By minimality over (z) we have that R/zR is Artinian. Since ht(m) > 2
there exists a prime g such that ¢ C m and dim Ry > 0. Let g™ = q"RqN R be
the n-th symbolic power and note that q(") is g-primary for every n. Also we
have

q:q(l) Qq(Q) D... Qq(") Qq(n-H) D...
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Going modulo (z) we get a descending chain

g _q _q®+ (@) 9™ + (z) g™ + (2)
@ @> @ -7 @ - @ °

that must stabilize. In other words there exists N >> 0 such that (q(V) +(z)) =
(qN+D) 4 (2)) = ... and in particular q¥) C gD + (). Let s € qN) and
write it as s = raz + t, where t € q¥*D. Then rz = s — t € q™) and, using
that = ¢ q = v/q®) because m is minimal over (z) and qV) is g-primary, we
get € M), This means s € zqY) + q¥+1) and therefore

By NAK we get ¢V) = ¢V Now localize at q:
CINRq — q(N)Rq — q(N+1)Rq — qNJrqu'

But now in Ry apply NAK to q-qV Ry = gV R, to get gV Rq = 0, i.e. dim Ry = 0.
This is a contradiction, hence ht(m) < 1.

(2) Induct on n. If n =1 it is just (1). Assume now n > 1 and let p be minimal
over (x1,...,2,). We can localize at p, hence without loss of generality R is

local, p = m and /(«1,...,2,) = m. Choose any prime g C m such that no
other prime is between q and m. Note that since R is Noetherian such prime

exists unless ht(m) = 0, and in this case the theorem is proved. By minimality
of m there exists z; ¢ q. Without loss of generality we can assume z,, ¢ ¢. By
choice m is minimal over q+ (z,,), hence \/q + (z,,) = m. This means that there
exists N >> 0 such that

N N
Ty =7T1%p + Y1, Ty = Tn—1Tn + Yn—1,

where y; € q. Notice that (y1,...,9,—1) C g.

Claim. q is minimal over (y1,...,¥Yn—1)-
Proof of the Claim. If not there exists a prime p such that

(ylv"'7yn—1)gpgq-,c«-m7

but going modulo (y1,...,yn—1) we get ht(m/(y1,...,yn—1)) > 2, while m is
minimal over (y1,...,Yn—1,%,) since

m= \/(3717"'71.77,) = \/(ylw'wynfl;xn) g m.

This picture contradicts (1), hence q is minimal over (y1,...,Yn—1)

By induction ht(q) < n — 1. Since q was an arbitrary prime below m with
no other primes in between we have ht(m) < n. O

Corollary 79. Let R be a Noetherian ring and letp € Spec(R). Thenht(p) < oo.

Proof. Since R is Noetherian p is finitely generated, say p = (21,...,z,). Then
ht(p) < n. O

Corollary 80. Let R be a Noetherian ring. Then Spec(R) satisfies DCC.
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2 Dedekind Domains

Definition. Let D be a Noetherian integrally closed domain with dim D = 1.
Then D is called a Dedekind domain.

Example 2. (1) Z is a Dedekind domain.
(2) k[z], where k is a field, is a Dedekind domain.
(3) Z[i] is a Dedekind domain.

Proposition 81. Let D be a Dedekind domain. Then every ideal I can be
written uniquely (up to order) as a product I = qi...q,, where all q;’s are

primary ideals and p; = \/q; # /45 = p; if i # J.

Proof. Without loss of generality we can assume I # (0). Let I =q1N...N¢qy,
be a primary decomposition. Since dim D = 1 we have ,/q; = p; are all maximal
ideals, hence q; + q; = D for all ¢ # j. By Chinese Remainder Theorem we get
I =gq1...9,. Conversely assume I = qi...q,, with q; primary and p; # p; if
i # j. Again by Chinese Remainder Theorem I = q;N...Ng, and by Corollary
3 we get q; = IRp, N R. Hence they are unique. O

Proposition 82 (Structure of local Dedekind domains). Let (D, m) be a local
Dedekind domain. Then:

(1) There ezists t € D such that m = (t).
(2) Every non zero ideal is of the form m™ for somen >0 (m°® = D).

Proof. (1) Choose any © € m, z # 0. Then Ass(D/xD) = {m}, therefore there
exists an embedding

0— D/m — D/zD
11—y

This means (z : y) = m and thus Ym C D. But £m is an ideal, and there are
two cases:

e Ym C m, in which case ¥ is integral over D by the determinant trick.

But D is integrally closed, hence £ = 2z € D, i.e. y = zz. Therefore

le€ (z:y) = (z:zx) =m, and this is a contradiction.

e Ym = D. Then there exists £ € m such that £t = 1, i.e. x = ty. This
means

m=(r:y)=(ty:y) = (1)

(2) Let I be a non zero ideal. By Krull’s Intersection Theorem

IZ (m"=(0).

n>0
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Therefore there exists n > 0 such that I C m™ = (¢") but I € m"*! = (¢n+1),
where ¢ is as in (1). We can write I = ¢"J, where J is the ideal I : ¢t". If
J Cm = (t), then I C t"(t) = (t"*1), and this is a contradiction. Hence J = D
and I = (t"). O

Remark. Let R be a ring and let g be a p-primary ideal. Then qR, "R =q. In
fact suppose r € qR, N R, then there exists s ¢ p such that sr € q. This implies
T € q since q is primary.

Theorem 83. Let D be a Dedekind domain. Then every ideal can be written
uniquely (up to order) in the form

I=pl...poe,
where p1,...,ps are distinct primes.

Proof. By Proposition 81 there exist unique qi,...,qs primary ideals, with
/% = i, such that I = q; ...qs. Furthermore

q; =1D,,ND =p"D,, ND,
where the last equality follows from Proposition 82 (2). It is enough to show

that p'* = p;"D,, N D. But \/p;" = p, maximal, hence p} is primary and the
theorem follows by the previous Remark. O



Chapter 8

Completions and
Artin-Rees Lemma

1 Inverse Limits and Completions

Example 3. Let R be a Noetherian ring, let I C R be an ideal and assume
NysoI" = 0 (for instance if R is a domain, or I C Jac(R)). If z,y € R set
v(z,y) =sup{n:z —y € I"} and define

d(z,y) = —

T gu(zy)
Claim. (R,d) is a metric space.

Proof of the Claim. Clearly d(z,y) = d(y, x) since if J is any ideal, then z —y €
J if and only if y —x € J. Also d(z,y) = 0 if and only if z — y = 0 since
MNn>o 1™ = 0. Finally assume
1 1
o= d(z,y) and o= d(y, z).
This means x —y € I¥ ~ I**! and y — z € I' < I'T!. Therefore
r—z=(z—y)+ (y—z) e min{kl}
Therefore

LA =d(z,y) + d(y, 2).

Sommin S o
d(l‘,Z) — 2min{k,l} - 2k + 2l

O

Remark. (1) What are the open balls B.(x) in this metric space? Without
loss of generality assume ¢ = 5, then

B, (v)={y€R:d(z,y) < 5} ={y € R:d(,y) < oz} =

={yeR:x—yeltl} =g+ I
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(2) If we put the product topology on R x R, then both
+:RxR—R and -:RxR—R

are continuous. In fact let 4+ I* be a basic open set around = € R and
let (y,z) € +~'(x + I*¥). This means y + z € = + I*, and therefore

(y+I")+ (z+1F Ca+ I

Hence +~!(z + I*) contains (y + I*) x (z + I*) around (y, 2), i.e. + is
continuous. Similarly for the product.

Definition. Let R and I C R be as above. The metric d defines a topology
on R called I-adic topology. Also a null Cauchy sequence {z,} is a Cauchy
sequence (with respect to the metric d) such that for all ¢ > 0 there exists
k € N such that for n > k d(z,,0) < e. We can now form a new object

R! := {Cauchy sequences in R}/{null Cauchy sequences in R}.

We call R the completion of R with respect to I and it is obtained from R by
formally adjoining the ”limit points”. Also R! is a ring since R itself is a ring.

Remark. More explicitly, how does a Cauchy sequence in (R, d) look like? For
a sequence {z,} in R to be Cauchy means that for all € = 2% there exists k € N
such that for all n,m > k we get

A&y, T) < = <= Tp— a2y € ' = o, + I =g, + I

2l

So let 441 +I'"1 be the coset which is in the stable value of x,, +I'*t! as n — oco.
Note that under the natural map m; : R/I'*! — R/I' we have

Tt (Y + 1Y) =y + I

Algebraically, this is an inverse limit.

Definition. Let R be a ring and {M,,}>2, be a collection of R-modules with
maps ©n+1 : Mpy1 — M,,. Then the inverse limit is

{inMn := ker (D : I;IM” — l;IMn> ,
where D is the R-homomorphism defined as follows:

D((ml, ma, .. )) = (m1 — (pg(mg),mg - @3(7713), . )

Remark. Notice that R
R ~limR/I™,
pa
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where 7,41 : R/I""" — R/I™ is the natural projection map. In fact let {z,}
be a Cauchy sequence in the I-adic topology and recall that for large m the
coset x,, + I™ has a stable value. Choose a representative y,, + I", so that
Yn + 1™ = ypy1+I™ for all n. Hence, corresponding to {z,} there is an element
in hilR/I”, i.e. a sequence of cosets

Tn+2

Tn+41
—> Yn+1 +

2 —— Yy, + " —— ...

cie > Ypio + A

In this correspondence, null Cauchy sequences correspond to the zero element in
lim R/I™. Moreover, this correspondence preserves the ring operations. Finally,
—

given an element y € lim R/I", we have y = {(y, + 1")n} € [[,, R/I" and also
—

Ynt1 — Yn € I for all n,

i.e. {y,} is a Cauchy sequence.

Definition. Let R and I C R be as above and let M be a R-module. We can
define a pseudo-metric on M using I"™M instead of I™ (it will be a metric if
ﬂnZO I™"M = 0). Then the completion of M with respect to I is

M" =lim M/I" M.
—

Proposition 84. Let R be a ring and let I C R be an ideal such that ﬂn>0 " =
0. Then B

IR' C Jac(ﬁl).

Proof. Tt is enough to show that 1 — z is a unit in RI for all z € I. Notice that

1 i
lfxzzx

i>0

and define s,, = Z?:o 2'. Then {sn} is a Cauchy sequence since s,4+1 — S, =
2™t € "1 hence there exists s € R! which is the limit of s,, i.e. s—s, €
IR, Therefore

(1—z)s—(1—a)sp=(1—x)s— (1 —a"') e I"R".
Since 2"t € I"*! we get
(1—2z)s—1€I"R' foralln

and hence
(1-x)s=1 in R’
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2 Artin-Rees Lemma

Definition. A ring S is (non-negatively) graded if S = €, S; as an abelian
group, and S; - §; C S;1; for all 4,5 > 0. In particular Sy is a ring and each
graded piece S; is an Sp-module. An S-module M is graded if it can be written
in the form M = @j Mj, with SiMj - Mi+j~

Example 4. (1) S = Alz1,...,z,] is a graded ring with S; the A-module
spanned by the homogeneous polynomials of degree j.

(2) If Ris aring and I C R is an ideal we define
R(I):=Rolol*®- -

the Rees Ring of I. One can artificially put a variable ¢ in to keep track
of the grading. In this way:

R(I)~ R Ito I** @ ... = R[It] C R[t].

Remark. Let R be a ring and let I C R be an ideal. If R is Noetherian, so is
R(I).

Proof. By assumption [ is finitely generated, say I = (z1,...,z,). Then
R(I) = R[x1t, ..., z,t] C R[t].
Hence there exists a surjection

R[Ty,....T,] - R(I)
T; — x;t

By the Hilbert Basis Theorem 37 R[T7, ..., T,] is Noetherian, and sois R(I). O
Definition. Let R be aring and let M be a finitely generated R-module. Define
MI) =MaIMoI’M& ...

Then M(I) has the structure of a graded R(I)-module if, given it" € I"t" C
R(I) and m € I’ M, we set

(it"ym = im € I"TI M.
Remark. Notice that if M = Rmq + ...+ Rmy, then
M) =R(I)m1 + ...+ R(I)my.

Theorem 85 (Artin-Rees Lemma). Let R be a Noetherian ring, let I C R be an
ideal and let N C M be finitely generated R-modules. Then there exists k € N
such that for alln > K

I"M NN =I""k I"MnN).
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Proof. Consider R(I) = R[It] and M(I) = B, I’ M as above. Define N to
be the following R(I) submodule of M(I): -

N=Nao(IMON)o(I’MNN)...

Notice that I(I"M N N) C I""'M N N, so that M is a R(I)-module. Since
R(I) is Noetherian (by Remark 2) and M(I) is finitely generated, so is . Say
N =R(D)zi+...+R(I)z, withz; € N, and z; = 3 x5, where z;; € I'MNN,
and all but finitely many are zero. So N =37, . R(I)z;;, and without loss of
generality we can assume z1,...,x; are homogeneous, say degxz; = n;, i.e.
z; € I""M N N. Let k = max{nqy,...,n;}.

Claim. With this choice of k we have "M NN = I""*(I*M N N) for all n > k.

Proof of the Claim. Notice that I”_k(IkM NN) CI"M NN for all n > k.
Conversely let n > k and let w € I"M N N. Write it as

l
U= Z T,
i=1
where r; € R(I), and without loss of generality they can be chosen homogeneous.
Hence degr; = n — n;, that is
ri € R )p—n, = I"7707".
This means that

l l
we Y Iz CY IN(IPMAN) CIRIFMNN).

i=1 i=1

3 Properties of Completions

Definition. Let R be a ring and let {4,,} and {B,} be inverse limit systems
of R-modules. We say that « : {A,} — {B,} is a morphism of inverse limits

(o ={an}) if:

Qn41
An+1 _— BnJrl

L

A, —" =B,

where each «; is a R-homomorphism. In this case a induces a homomorphism

lim A,, == lim B,,.
— —
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Lemma 86 (Snake Lemma). Let R be a ring and suppose we have the following
exact diagram of R-modules:

A—*.p_ P oo .y

oo
0— A g oo
Then there exists a morphism § : ker h — cokerf such that

’ ’

ker f —>kerg ’ kerh —2 coker f —=— coker ¢ LN coker h

is exact. Furthermore, if o is one-to one, then so is (ker f = ker g). Similarly,
if 8’ is surjective so is (coker g B, coker h).
Proof. Diagram chasing. O

Lemma 87. Let {A,},{B.} and {C,} be inverse limit systems and assume
that {A,} 3 {B,} LA {Cy,} are such that

0 A,

are all short exact sequences. Then

(1) The following sequence is exact
0 ——lim A, ——lim B,, . lim C),
— — —
(2) If Api1 — Ay is surjective for all n, then 8 is surjective.

Proof. Let d4 : [[ An — J] An be the map such that

lim A,, = kerdy,.
—

Similarly define dp and d¢ for {B,,} and {C,,}. We have the following row-exact

diagram:
0 14, =T B.2~]] . 0

dAl dBl dcl
0 14, =T B. —2~T] Cn 0

By Snake Lemma we get an exact sequence

0 ——>1limA, —>>1limB, i> lim C,, —— coker d 4.
— — —

This proves (1). Also, if A, 11 — A, is surjective for all n, we have coker d4 = 0,
and hence (2) follows. O
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Definition. Let R be a ring and let I C R be an ideal. A sequence {I,} of
ideals I} D I D ... is said to be cofinal with {I"} if for all n there exists k such
that I, C I™, and conversely for all n there exists k such that I* C I,,.

Remark. If {I,,} is cofinal with {I"}, the I-adic topology {z + I"} is the same
as the topology determined by taking neighborhood basis of x to be {x + I, }.
So the completions are isomorphic, i.e.

R' =lim R/I" ~ lim R/I,,.
— —

Likewise, for any chain M; 2 M3 D ... of R-modules cofinal with {I"M}, we
get e
M" =1lim M/I"M =~ lim M /M,,.
— —

Lemma 88. Let R — S be a ring homomorphism. Then S is flat over R
if and only if, given finitely generated R modules M and N and an injection

0—-N5M, thenO%N@RSzglM@RSis exact.

Proof. If S is flat, then by definition 0 — N @z S 'S M ®p S is exact for
all injections 0 — N 5 M , with M and N finitely generated R-modules.
Conversely, assume S is not flat. Then there exists an injection 0 — N M
such that 0 — N®gS Y M®pgS is not exact. Suppose i®1 (22:1 n; ® sl) =0
and let No := Rny +...Rn; € N. Then 0 — Ny 5 M is exact and i
1 (Zi:l ni®si> = 0. By definition, M ®p S = R[m,s : m € M,s € S]/Z,
where Z C R[m,s:m € M,s € S] is a submodule. Therefore

l

l l
=1

i=1 1=1

Hence there exist r; € R and z; € Z such that Zézl[i’(ni), si] =>_;rj2;. Let
My C M be the submodule generated over R by i’(n;) and all elements of M
appearing in the z;’s. Then

OHNOHMO

is exact, and Ny and M, are finitely generated R-modules. By assumption,
since ' ®1 (22:1 n; @ sz) = 0, we have Zlizl n;®s; = 0in Ng®g S, and hence
it is zero in N ®p S. O

Theorem 89. Let R be a Noetherian ring and let I C R be an ideal such that
N0 " =0. Then

(1) If we have a short exact sequence of R-modules

0 N—omLop 0,
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the following sequence

is also exact.
(2) If M is finitely generated, then
]/\4\] ~M®g R\I.
(3) The map R — R is flat.
Proof. (1) Tensor the short exact sequence with R/I™:

N an M Bn L
I"N "M "L

This sequence is exact since tensor product is right exact. Starting from this
sequence we get the following exact diagram (considering the kernels of the two
surjections)

N an M Bn L

0 I"M NN 1M "L 0
0 N an M Bn L 0
M NN Im+ipM L

This gives a short exact sequence of inverse limits and, moreover, the natural
maps 7, are all surjective, therefore, from Lemma 1, we get the following short
exact sequence

: N 1 I
0 Ly DV IeE M L N

Clearly, for all n € N, I"N C I""M N N. Finally, by Artin-Rees Lemma, there
exists k such that I"M NN C I™ %N for all n > k. Therefore {I"M NN} is
cofinal with {I” N} and hence

N .
Bm——— ~lim —— = N/,
2TmnaN T 2N

(2) Notice that we have always a map
M ®pg ﬁl — ]/\/.7 17

and if M is free it is clearly an isomorphism. Since M is finitely generated there
exists a short exact sequence

0 K R" s M 0,
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where K = ker 7. Since R is Noetherian, K is finitely generated, therefore there
exists an exact sequence

R" —+R"—"> M 0.

By (1) we get the following exact sequence

o~

(ﬁI)m a (ﬁ[)n Ml 0

R

Rm®R§I*>Rn®R§I*>M®REI*>O

)

and (2) follows by Five Lemma.
(3) Assume 0 — N — M is an exact sequence of finitely generated R-modules.
Then, by (1) and (2), we get
0——= NI — = Mt
is exact, and therefore the map R — R! is flat by Lemma 88. O

Theorem 90. Let RAbe a Noetherian ring and let I C R be an ideal such that
ﬂnZl I =0. Then R! is Noetherian.

Proof. One can prove that, if I = (aq,...,q;), then

Bl ~ Rl[x1, ..., 2] '
(x1—ay,...,x1—ap)
Then it suffices to prove that R[[x1,...,z;]] is Noetherian. Induct on [, so that

it is enough to show that R[[z]] is Noetherian. We will show that every prime
p € Spec(R[[z]]) is finitely generated. Define po C R as pg := {g(0) : g € p}
(the constant terms). Then pg C R is finitely generated, say po = (a1, ..., an)-
Then there exists f; € p such that f;(0) = a; for all i. Two cases are possible:

o If z ¢ p. In this case we claim that p = (f1,..., fn), so that p is finitely
generated. Let g € p, so that ¢g(0) € po and hence

9(0) = Zﬁoai;
i=1
for some r1g,...,7n0 € R. Then
n
9(x) — ZTiOfi($) = zg1(x).
i=1

But p is prime and = ¢ p, hence g; € p. Repeat the process to get

n

g1(w) — Zﬂlﬁ:(m) = 2g2(x),

i=1
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so that .
Z rio + ri1x fz ) - w292(‘r)'
=1

Inductively, there exist r;; € R such that
- Z(rio +riaz 4. 42l fi(@) = 27 g (z) for all .
i=1

Therefore

that is g € p.

o If x € p, then for g(z) € p write g(x) = ¢g(0) + zh(z), for some h(z) €

R][x]]. This implies g(0) € p. But then

(Po,x) € p C (po, ),

ie. p=(po,z) = (a1,...,an, ) is finitely generated.
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colon, 3

finitely generated, 3
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Incomparable, 65
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integral closure, 62
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integral over I, 71
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inverse limit, 84
irreducible, 13, 54
isomorphic, 2
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Jacobson radical, 7

kernel, 2
Krull dimension, 66
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finitely generated, 21
generate, 21
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module-finite, 62
morphism of inverse limits, 87
multiplicatively closed, 33

Neother Normalization Lemma, 67
nilpotent, 7

nilradical, 7

Noetherian, 44

non-zero divisor, 28

primary, 54

primary decomposition, 55
prime, 6

prime avoidance, 10
primitive, 16

principal ideal domain, 14

quotient module, 21
quotient ring, 4

reduced, 7

Rees Ring, 86
restriction of scalars, 20
right exactness, 26

short exact sequence, 25
submodule, 21

support of M, 40
symbolic power, 78
syzygies, 30

tensor product, 24

unique factorization domain, 13
unit, 7

Zariski topology, 6
Zorn’s Lemma, 7
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